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1 Consider the longitudinal oscillations of a column of air in a long thin pipe
of lengthl. Let u(x, t) be the displacement of air about its mean position
and assume an adiabatic relationship between the pressure,p(x, t) and the
densityρ(x, t) of the form:

p = kργ

whereρ, k are given constants.

(a) Prove that the oscillations are governed by the wave equationutt =
c2uxx, c2 = dp

dρ = γkpγ−1. 6 %

(b) If the two ends of the pipe are closed, the air is initially in its mean
position, and the initial velocity isg(x), formulate the mathematical
problem for the subsequent displacementu(x, t). 4 %

(c) Use separation of variables to find an expression foru(x, t) in the form
of an infinite series. 6 %

(d) If the endx = l is open rather than closed, derive the appropriate
boundary condition. 2 %

2 (a) Using the result stated in question 7(b), classify each of the follow-
ing PDEs (hyperbolic, parabolic or elliptic) and find andsketch the
characteristics:uxx = ut + u; uxx = utt + u2; uxx + y2uyy = 0. 6%

(b) Verify whether or notu = sin x exp(−t) andu = cos x exp(−2t) are
solutions of the diffusion equationuxx = ut. 6%

(c) If u1 andu2 are any solutions of a linear homogeneous PDEL[u] = 0
in some region, prove thatc1u1 + c2u2 is also a solution wherec1, c2

are arbitrary constants. 6 %

3 The transverse oscillations of a suspension bridge about its equilibrium po-
sition can be approximately modelled using an elastic string model where
the bridge has mass per unit lengthρ and is stretched to a lengthl with
its two ends fixed. Letu(x, t) be any subsequent vertical deviation from
the equilibrium position andT be the tension. The bridge is disturbed so
that its initial deviation isf(x) and is then releasedfrom rest whereupon it
undergoes small transverse oscillations.

(a) With the aid of the results on the last page, derive a partial differential
equation describing the oscillations of the bridge and show thatu(x, t)
must satisfy the wave equationutt = c2uxx, c2 = T/ρ. 5 %

(b) Formulatethe mathematical problem modelling the oscillations of the
bridge. 4 %
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(c) Use separation of variables to find an expression for the subsequent
oscillations in the form of an infinite series. 5 %

(d) Suppose that the effects of the suspending cables is included in the
modelling process so that the governing partial differential equation
describing the oscillations isutt = c2uxx−α2u whereT is the tension,
c2 = T/ρ, andα is a given constant. Derive a solution to the problem
using separation of variables. 4 %

4 A viscous fluid, initially at rest, occupies the region between two horizontal
planesx = 0, x = h and is set in motion by the movement of the plane
x = 0 with known velocityU in they direction. The planex = h does not
move. The fluid velocity vector is of the form(u(x, t), 0, 0) whereu(x, t)
satisfies

ut = c2uxx; u(x, 0) = 0; u(0, t) = U ; u(x = h, t) = 0

wherec2 is the known fluid viscosity.

(a) Formulate the steady state problem and find the steady state velocity
profile. 6 %

(b) By writing the velocity field in the formu(x, t) = v(x) + w(x, t) for-
mulate and solve the problem foru(x, t) using separation of variables.

10 %

(c) Describein words a heat flow problem which is modelled by the above
mathematical problem. 2 %

5 Consider the diffusion of bacteria in a thin rectangular region (whose lateral
faces are sealed) of dimensions0 ≤ x ≤ a, 0 ≤ y ≤ b. Assume that
the initial concentration is zero and that the edgex = a, 0 ≤ y ≤ b is
maintained at a concentrationf(y) while the other edges are maintained at
zero concentration. Assume that the concentrationu(x, y, t) is modelled by
the diffusion equation

ut = c2(uxx + uyy)

wherec2 is a known constant.

(a) Formulate the initial-boundary value problem foru(x, y, t). 4 %

(b) Explain why the appropriate steady state equation is Laplace’s equa-
tion. Hence formulate the boundary value problem for thesteady state
concentrationu(x, y). 4 %
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(c) Solve the boundary value problem for the concentration in the form:

u(x, y) =
∞

∑

n=1

En sinh
nπx
b

sin
nπy
b

and give a general expression for the superposition constantsEn. 6%

(d) Consider the problem where the boundary conditions areu = f(y), x =
a, 0 ≤ y ≤ b andu = g(x), 0 ≤ x ≤ a, y = b with the other edges
maintained at zero concentration. Obtain a general solution to this
problem. 4%

6 (a) Use the method of characteristics to solve the following first order
PDE problems:

xux + yuy = u, u(1, y) = y2;
ux + u3uy = 0, u(x, 0) = cos x.

9%

(b) In a one dimensional transport problem, letc(x, t) be the concentration
andq(x, t) be the flux (rate of flow). By performing a balance over an
infinitesimal element of lengthdx derive the conservation lawct+qx =
0.

Suppose that the flow of ice in a glacier is described by such a conser-
vation law wherec(x, t) is the ice thickness andq(x, t) = c2. Show
that the flow of the glacier is governed byct + 2ccx = 0. If at some
particular timet = 0 the ice thickness is given byc(x, 0) = exp (−x2)
find a general expression forc(x, t) and explain briefly how the profile
of the glacier will develop at later times. 9%

7 Answer anythree of the following:

(a) Give a physical argument to show that for steady state heat flow in a
region, both the maximum and minimum must occur on the boundary.

Consider the steady state heat flow problemuxx + uyy = 0, 0 < x <
1, 0 < y < 1 with boundary conditionsu(x, 0) = x(x− 1), 0 ≤ x ≤ 1
with u = 0 on the other boundaries. What is the hottest point on the
plate and at what point(x, y) does it occur? 6%

(b) Consider the second order PDE

A(x, y)uxx + 2B(x, y)uxy + C(x, y)uyy = f(x, y, ux, uy, u)
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and related Cauchy boundary conditionsu, ∂u
∂n along a curver(s) =

(x(s), y(s)).
Prove that the characteristics are given by:

dy
dx

=
B ±

√
B2 − AC
A

.

6 %

(c) Assuming thatu = u(x, y), v = v(x, y) find the general solution of
the following pseudo PDEs:

uxx = 2; vxx + 3v = x;

6 %

(d) Find a change of dependent variable which reduces the parabolic PDE:
uxx + 4ux − 2ut + 8u = 0 to a one-dimensional heat equationut =
c2uxx. (Hint: u(x, t) = v(x, t) exp (αx + βt)). 6 %

(e) Consider oscillations on an infinite string governed byutt = c2uxx

with initial (Cauchy) conditionsu(x, 0) = f(x), ut(x, 0) = 0 where
f(x) is a known function. Show that a general solution can be written
in the formu(x, t) = φ(x + ct) + ψ(x − ct) whereφ, ψ are arbitrary
sufficiently smooth functions. Hence derive D’Alembert’s solution to
the particular problem by findingφ, ψ. 6 %

(f) Use a Laplace transform in thet variable to solve the following prob-
lem in0 ≤ x < ∞

ut + ux = 0; u(0, t) = exp t; u(x, 0) = exp(−x).

(You may use the results at the end of the paper). 6 %
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Useful equations

Half range Fourier series for odd and even functionf(x) of period2l.

f(x) =
∞

∑

n=1

An sin nπx/l; An =
2
l

∫ l

0
f(x) sin nπx/l dx

f(x) = B0/2 +
∞

∑

n=1

Bn cos nπx/l; Bn =
2
l

∫ l

0
f(x) cos nπx/l dx

Half range orthogonality relationships

∫ l

0
sin nπx/l sin mπx/l dx = 0, (m 6= n)

= l/2, (m = n 6= 0)
= 0, (m = n = 0)

∫ l

0
cos nπx/l cos mπx/l dx = 0, (m 6= n)

= l/2, (m = n 6= 0)
= l, (m = n = 0)

Laplace transforms

L[f(t)] ≡
∫ ∞

0
f(t) exp (−st) dt

L[
df(t)
dt

] = sf̄(s)− f(0)

L[exp ct] =
1

s− c
.

Trigonometric results

cos θ =
1√

1 + tan2 θ
; sin θ =

tan θ√
1 + tan2 θ
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