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1 (a) Consider the second order PDE

A(x, y)uxx + 2B(x, y)uxy + C(x, y)uyy = f(x, y, ux, uy, u)

and related Cauchy boundary conditionsu, ∂u
∂n along a curver(s) =

(x(s), y(s)).
Provecarefully that the characteristics are given by:

dy
dx

=
B ±

√
B2 − AC
A

.

and suggest a means of classifying equations (hyperbolic, parabolic,
elliptic). 10 %

(b) Classify each of the following PDEs (hyperbolic, parabolic or elliptic)
and find andsketchthe characteristics:

uxx = ut + u3; uxx = 4utt + u2; uxx + y2uyy = 0.

4%

(c) If u1 andu2 are any solutions of a linear homogeneous PDEL[u] = 0
in some region, prove thatc1u1 + c2u2 is also a solution wherec1, c2

are arbitrary constants. 4 %

2 The oscillations of a guitar string about its equilibrium position can be ap-
proximately modelled using an elastic string model where the string has
mass per unit lengthρ and is stretched to a lengthl with its two ends fixed.
Let u(x, t) be any subsequent vertical deviation from the equilibrium posi-
tion andT be the tension. The string is disturbed so that its initial deviation
is f(x) and is then releasedfrom rest whereupon it undergoes small trans-
verse oscillations. Gravitational effects are ignored.

(a) With the aid of the results on the last page, derive a partial differential
equation describing the oscillations of the string and show thatu(x, t)
must satisfyutt = c2uxx whereT is the tension andc2 = T/ρ. 5%

(b) Formulate the mathematical problem modelling the oscillations in the
string. 4%

(c) Use separation of variables to find an expression for the subsequent
oscillations in the form of an infinite series. 6%

(d) If the initial shape of the string is given byf(x) = 2 sin 5πx
2l cos 5πx

2l
find an explicit expression foru(x, t) and describe the subsequent os-
cillations by sketching the string at a series of times. 3 %
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3 (a) Heat diffuses according to the linear diffusion equationut = c2uxx

along an infinite bar whose initial temperature is given byf(x),−∞ ≤
x < ∞. Formulate the mathematical problem and use separation of
variables and the results on the last page to obtain an expression for
the subsequent temperature at any point along the bar in the form:

u(x, t) =
∫ ∞

0
[A(p) cos px + B(p) sin px] dp,

and derive expressions forA(p), B(p). 9 %

(b) Consider the longitudinal oscillations of air in a thin infinite tube0 ≤
x < ∞. Assume that the oscillations are governed byutt = c2uxx

where the air att = 0 is in the positionf(x) relative to its equilib-
rium position with initial velocityg(x). Formulate the mathematical
problem and using the change of variablesη = x + ct; ξ = x − ct
or otherwise, show that a general solution can be written in the form
u(x, t) = φ(x + ct) + ψ(x − ct) whereφ, ψ are arbitrary sufficiently
smooth functions. Hence derive D’Alembert’s solution to the particu-
lar problem by findingφ, ψ. 9 %

4 Consider the diffusion of bacteria in a thin rectangular plate (whose lateral
faces are sealed) of dimensions0 ≤ x ≤ a, 0 ≤ y ≤ b with its edges
maintained at zero concentration. Assume that the subsequent diffusion of
bacteria is modelled by

ut = c2(uxx + uyy)

wherec2 is the known diffusion constant. The initial concentration profile
in the plate is given byf(x, y).

(a) Formulate the initial boundary value problem for the subsequent dif-
fusion problem. 4 %

(b) Solve the initial boundary value problem for the subsequent concen-
tration profile in the plate in the form:

u(x, y, t) =
∞

∑

m=1

∞
∑

n=1

Bmn exp
(

−c2(m2 + n2)t
)

sin
mπx

a
sin

nπy
b

and give general expressions for the superposition constants. 10%

(c) Consider the same problem, with one change in the boundary condi-
tions so that the right hand edgex = a, 0 ≤ y ≤ b is sealed (so the flux
is zero) rather than maintained at zero concentration. Using symmetry
arguments or otherwise, sketch a technique for solving this problem. 4%
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5 In a thin cylinder of lengthl containing stagnant water the concentration
of coloured dye in the water is given byu(x, t) . Assume that the initial
concentration is given byu(x, 0) = x2(l − x), 0 ≤ x ≤ l. Assume also that
the concentrationu(x, t) is maintained at zero at each end of the tube.

(a) Assuming that the dye diffuses according to Fick’s law :

Q = −c2∂u
∂x

whereQ(x, t) is the concentration flux,c2 is the diffusion coefficient
andu(x, t) is the concentration at positionx at timet, show that the
transport of dye through the stagnant water0 ≤ x ≤ l is governed by
the linear diffusion equation:

∂u
∂t

= c2∂2u
∂x2 ; 0 ≤ x ≤ l, t > 0

5 %

(b) Formulate an initial boundary value problem describing the diffusion
problem in the region0 ≤ x ≤ l. 4%

(c) Solve this problem using separation of variables showing that the con-
centration in0 ≤ x ≤ l is given by:

u(x, t) =
∞

∑

n=1

Bn sin
nπx

l
exp (−λ2

nt) (λn = cnπ/l)

and derive an explicit expression for theBn. 5 %

(d) If dye is able to diffuse out along the lateral face of the tube, the pro-
cess is modelled byut = c2uxx + φ(x, t) whereφ(x, t) is a known
function. For the caseφ = 1 outline how to solve this inhomogeneous
problem using the same initial and boundary conditions as above. 4 %

6 (a) Use the method of characteristics to solve the following first order
PDE problems:

2ux + uy = 1, u(0, y) = y + 5; ut + uux + u = 0, u(x, 0) = −x
2

9 %

(b) Let h(x, t) be the thickness of ice in a flowing glacier of infinite extent
in the lateraly direction and letq(x, t) be the flux (rate of flow). By
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performing a balance over an infinitesimal portion of the glacier show
that mass conservation requires thatht + qx = 0.

For a particular glacier the flux is given by:q(x, t) = h3. Show that the
flow of the glacier is governed byht+3h2hx = 0. If at some particular
time t = 0 the glacier profile is described byh(x, 0) = exp (−x2) find
a general expression forh(x, t) and explain briefly how the profile
will develop at later times. How might the modelling of this problem
change if the effect of snow fall was to be taken into account? 9 %

7 Answer anythree of the following:

(a) Air undergoes longitudinal oscillations in a pipe of lengthl. If the
oscillations are governed by the linear wave equationutt = c2uxx with
both ends of the tubeopen, formulate and solve the problem for the
subsequent oscillations if the air is initially in its equilibrium position
with initial velocity ut(x, 0) = g(x). 6 %

(b) Show that the Laplace transform ofexp ct is 1
s−c wherec is a constant.

Use a Laplace transform in thet variable to solve the following prob-
lem in0 ≤ x < ∞

ut + ux = 0; u(0, t) = exp ct; u(x, 0) = exp (−x).

(You may use the results at the end of the paper). 6 %

(c) Laplace’s equationuxx +uyy = 0 holds in a rectangular region−∞ <
x < ∞, 0 ≤ y < ∞ with the boundary conditionu(x, 0) = f(x)
while on the other boundariesu = 0. Solve this problem using a
Fourier transform with respect to thex variable and show that the so-
lution is given by:

u(x, y) =
1
2π

∫ ∞

−∞
exp iωx exp (−ωy)

[∫ ∞

−∞
exp (−iωx)f(x)dx

]

dω.

6 %

(d) Consider the one dimensional diffusion problemut = c2uxx with pre-
scribed initial and boundary (Dirichlet) conditions.Prove thatu(x, t)
attains its maximum on the boundary of the domain of the independent
variables defined byt = 0(0 ≤ x ≤ l), x = 0(t > 0), x = l(t > 0). 6 %

(e) Show thatu(x, t) = a√
t
exp −x2

4c2t is a solution of the linear diffusion
equationut = c2uxx. Examine the behaviour of this solution ast → 0
and explain why it represents a point source solution. 6 %
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(f) Assuming thatu = u(x, y) find the general solution of the following
pseudo PDEs:

uxx = 2; uxx + 4u = 0; uxx = sin x.

6 %

(g) Find a change of dependent variable which reduces the parabolic PDE:
uxx + 4ux − 2ut + 8u = 0 to a one-dimensional heat equationut =
c2uxx. (Hint: u(x, t) = v(x, t) exp (αx + βt)). 6 %
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Useful equations

Half range Fourier series for odd and even functionf(x) of period2l.

f(x) =
∞

∑

n=1

An sin nπx/l; An =
2
l

∫ l

0
f(x) sin nπx/l dx

f(x) = B0/2 +
∞

∑

n=1

Bn cos nπx/l; Bn =
2
l

∫ l

0
f(x) cos nπx/l dx

Half range orthogonality relationships

∫ l

0
sin nπx/l sin mπx/l dx = 0, (m 6= n)

= l/2, (m = n 6= 0)
= 0, (m = n = 0)

∫ l

0
cos nπx/l cos mπx/l dx = 0, (m 6= n)

= l/2, (m = n 6= 0)
= l, (m = n = 0)

Fourier integral

f(x) =
∫ ∞

0
[A(p) cos px + B(p) sin px] dp

A(p) =
1
π

∫ ∞

0
f(v) cos pv dv,B(p) =

1
π

∫ ∞

0
f(v) sin pv dv.

Fourier transform and inverse transform

F[g] = ĝ(ω) =
∫ ∞

−∞
g(x) exp (−iωx)dx; F−1[ĝ(ω)] =

1
2π

∫ ∞

−∞
ĝ(ω) exp (iωx)dω

F [
d2f
dx2 ] = (iω)2F [f(x)].

Laplace transform

L[f(t)] ≡ f̄(s) ≡
∫ ∞

0
f(t) exp (−st)dt

L[c] =
c
s
, c, a constant
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L[
df(t)
dt

] = sf̄(s)− f(0)

L[
d2f(t)

dt2
] = s2f̄(s)− sf(0)− f ′(0)

Trigonometric results

cos θ =
1√

1 + tan2 θ
; sin θ =

tan θ√
1 + tan2 θ
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