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MAXIMUM-NORM A POSTERIORI ERROR ESTIMATES FOR
SINGULARLY PERTURBED REACTION-DIFFUSION PROBLEMS
ON ANISOTROPIC MESHES*
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Abstract. Residual-type a posteriori error estimates in the maximum norm are given for sin-
gularly perturbed semilinear reaction-diffusion equations posed in polygonal domains. Linear finite
elements are considered on anisotropic triangulations. The error constants are independent of the
diameters and the aspect ratios of mesh elements and of the small perturbation parameter.
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1. Introduction. We consider finite element approximations to singularly per-
turbed semilinear reaction-diffusion equations of the form

(1.1) Lu:= —&*Au+ f(z,y;u) =0 for (z,y) € Q, u=0 on 09,

posed in a, possibly non-Lipschitz, polygonal domain  C R2. Here, 0 < ¢ < 1. We
also assume that f is continuous on  x R and satisfies f(-;$) € Loo(Q2) for all s € R,
and the one-sided Lipschitz condition f(z,y; u)— f(x,y; v) > Cflu—v] whenever u > v,
with some constant Cy > 0. Then there is a unique solution u € W#(2) € W, c C(Q)
for some ¢ > 1 and ¢ > 2 [6, Lemma 1]. We additionally assume that C'y +¢? > 1 (as
a division by Cf 4 €2 immediately reduces (1.1) to this case).

Residual-type a posteriori error estimates in the maximum norm for this equation
and its version in R? were recently proved in [6] in the case of shape-regular triangu-
lations. In the present paper, we restrict our consideration to € in R? and linear finite
elements, but our focus now shifts to more challenging anisotropic meshes, i.e., we
allow mesh elements to have extremely high aspect ratios. (Figure 1 below illustrates
permitted types of (semi-)anisotropic and isotropic mesh nodes.)

Even for the linear Laplace equation (which one gets from (1.1) ife = 1, f,, = 0),
we are aware of no such error estimates in the maximum norm on reasonably general
triangulations under no mesh aspect ratio condition (e.g., [7, 15, 5, 17] assume shape
regularity of mesh elements). But still of more interest are anisotropic meshes in the
context of singularly perturbed differential equations (such as (1.1) with ¢ < 1). For
such equations, the maximum norm is sufficiently strong to capture sharp bound-
ary and interior layers in their solutions, while locally anisotropic meshes (fine and
anisotropic in layer regions and standard outside) have been shown to yield reliable
numerical approximations in an efficient way (see, e.g., [4, 8, 12, 18] and references
therein). But such meshes are typically constructed a priori or by heuristic methods.
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We discretize (1.1) using standard linear finite elements. Let S, C HE(Q)NC(Q)
be a piecewise-linear finite element space relative to a triangulation 7, and let the
computed solution uy, € Sy, satisfy

(1.2) E2<Vuh, Vop) + <f;{, vp) =0 VYo, € Sh, fn() == f(un).

Here, (-, -) is the Ly(Q) inner product and f,{ is the standard piecewise-linear Lagrange
interpolant of fj.

To roughly describe our results, assuming that anisotropic mesh elements are
almost nonobtuse, our first estimator reduces to

= unllooie < € b mas((min{e, H |1+ minde?, B e Ao . )
(13) + Ol = st

where C' is independent of the diameters and the aspect ratios of elements in 7, and
of & (combine (7.2), (7.5), (5.2) with Lemma 8.1). Here, N is the set of nodes in T, J,
is the standard jump in the normal derivative of uj across an element edge, w, is the
patch of elements surrounding any z € N, 7, is the set of edges in the interior of w,,
H, = diam(w,), ¢, =In(2+eh™"), and h is the minimum height of triangles in 7.

Note that if e = 1, then (1.3) gives a standard a posteriori error bound, similar to
the results in [7, 15, 17], only now we prove it for anisotropic meshes. Furthermore,
(1.3) is almost identical with the a posteriori error estimate in [6], where the singularly
perturbed case e € (0,1] is handled; by contrast, now we assume no shape regularity
of the mesh.

An inspection of standard proofs for shape-regular meshes reveals that one obsta-
cle in extending them to anisotropic meshes lies in the application of a scaled traced
theorem when estimating the jump residual terms. (This causes the mesh aspect ra-
tios to appear in the estimator.) Remark 6.2 sheds some light on our approach to
addressing this technical difficulty.

It should be noted that the interior-residual term ||e =2 f} || oo .. in (1.3) is isotropic
(unlike the other terms). In order to give a sharper (and more anisotropic in nature)
bound for the interior-residual component of the error, we identify sequences of short
edges that connect anisotropic nodes (see Figure 4, right). Under some additional
assumptions on each such sequence (which we call a path), we prove that

(1.4) lv — unlloo 0 < C ¥y [gle%c(min{a, HZ}HJZHOO;’YZ)

+ max (min 1,e2H2Y| f | oo )
ZeN\Npachs { Z}Hfh”OO,wz

4+ max (min{s,Hz} min{a,hz}Hs*zf,{Hoo;wz

2ENpaths
+ min{1,£*2H3}osc(f,{;wz))}
+Clfn = filloosa
(combine (7.2),(7.16), (5.2) with Lemma 8.1). Here, NMpaens is the set of mesh nodes
that appear in any path, and h, ~ H; !|w.|. As h, < H, for anisotropic nodes, so

(1.4) is clearly sharper than (1.3). (This is also evidenced by the numerical results in
section 6.4.)
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Note that our estimators are also useful for a more challenging parabolic version
of (1.1). Indeed, plugging them (as error estimators for elliptic reconstructions) into
the parabolic estimators [11] yields a posteriori error estimates for the parabolic case.

A posteriori error estimates for a problem of type (1.1) on anisotropic meshes are
also given in [3, 9, 13, 14]. In [9, 3], the error is also estimated in the maximum norm,
but the considered meshes have a tensor-product structure, while [14, 13] deal with
general anisotropic meshes, but the error is estimated in a weaker energy norm.

The paper is organized as follows. In section 2, we make basic assumptions on T
and describe permitted mesh node types; for the latter, section 3 gives a version of
the scaled trace theorem. In sections 4-5, the Green’s function of a linearized problem
is bounded in various norms and then used to represent the error. Next, a simplified
version of our analysis for partially structured anisotropic meshes is presented in sec-
tion 6, while section 7 gives a posteriori error estimators for more general anisotropic
meshes. We conclude the paper by bounding the Green’s function interpolation error
in the final section 8.

Notation. We write a ~ b when a < b and a 2 b, and a < b when a < Cb with a
generic constant C' depending on 2 and f, but C' does not depend on either € or the
diameters and the aspect ratios of elements in 7. Also, for D C Q, 1 < p < oo, and
k>0let |- lpp ="z, and |- |xpp = |- |W§(D), where | - |W§(D) is the standard
Sobolev seminorm with integrability index p and smoothness index k.

2. Basic triangulation assumptions. We shall use z = (z,,y.), S, and T to,
respectively, denote particular mesh nodes, edges, and elements, while N, S, and T
will, respectively, denote their sets. For each T' € T, let Hp be the maximum edge
length and hr := 2H;'|T| be the minimum height in 7. For each z € N, let w, be
the patch of elements surrounding any z € A/, S, the set of edges originating at z, and

(2.1) H,:=diam(w,), h,:= II%aX hr, 7.:=8,\0Q, 3.:={SC~,:|5 <h,}.

Throughout the paper, we make the following triangulation assumptions:
o Mazimum angle condition. Let the maximum interior angle in any triangle
T € T be uniformly bounded by some positive agy < .
e Local coordinate condition. For any z € N, let

(22) [sinZ(8,9.)| S VSCS., where 8. €8, [5.]= max|S]
SCS.

(i.e., here S, is the longest edge in S, (or any of such edges)).
e Also, let the number of triangles containing any node be uniformly bounded.
Note that the above conditions are automatically satisfied by shape-regular meshes.
Additionally, let each z € N belong to one of the following mesh node types
(see also Figure 1), defined using a fixed small constant ¢ (to distinguish between
anisotropic and isotropic elements).

Fig. 1. Ezamples of anisotropic nodes z € Nani (left), semianisotropic nodes z € N ani
(center), an isotropic node z € Niso (right), and a node z € Nani NN, (bottom left).
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(1) Anisotropic nodes, whose set is denoted by M,ni, are such that
(2.3) h, < coH,, hr~h, and Hr~H, VT Cuw,.

Note that the above implies that S, contains at most two edges of length < h,
(2) Semi-anisotropic nodes, whose set is Ny ani, are such that 2 ¢ Nyp; and
hs < coH., 1£(5,5.)| S P vScs.,

(2.4)
Hr~H,and hyr ~h, or Hpr~hp~h, VT Cuw,.

(Compared to (2.2), the angle condition here implies that all edges S in S, of length

|S| =~ H, lie inside a sector of angle ~ Ih{z centered at z.)

(3) Isotropic nodes, whose set is denoted by MNiso, are such that

coH, <h,<H,, hr ~Hp or Hr~H, VT Cw,,
vSeS., 3T Cw, : ScIl, hy~Hjz,

(2.5)

where T is not necessarily in 7 but can be constructed as above using S as one of its
edges. By this definition, at least one T in w, is isotropic and satisfies hp ~ Hy ~ H,,
while some T in w, may be anisotropic, and others, being isotropic, may have Hpr <
h. ~ H, (see Figure 1, right). Note that if z is surrounded only by shape-regular
elements, then it is isotropic.

(1*) One typically expects anisotropic elements near the boundary to be aligned
along it. To distinguish the boundary nodes for which this is not the case, we introduce
a special set of boundary nodes N7, as follows:

(2.6) Njq={2€dQNN\ N : [S:NIN Sh, or zisa corner of Q }.

It will be assumed throughout the paper that N3q N Nyani = 0 s0 Njg, C Nani.
Remark 2.1. Node types (1)—(3) cover most practical situations, although they by
no means exhaust all possible configurations of, possibly anisotropic, mesh elements.

3. Scaled trace bounds. In this section, we formulate a version of the scaled
trace theorem using the scaled Wi (D) norm

llvlllp = (diamD) ™" |[vllv:p + [IVoll1:p -
In particular, in view of diam(w,) = H, and diam(T) ~ Hr,
o]l = H;1||U||1§Wz +1IVolliw, lv]llz ~ H:Fl”le;T + Vol

Note that as diam(T") < diam(w,) for any T' C w,, so

(3.1) olle. < D lolllz,

TCw,
while for any anisotropic node, in view of (2.3), one in fact has
(3-2) ollo. = > llolllz.

TCw,

LEMMA 3.1. For any node z € N of type (2.3),(2.4), or (2.5), and any function
v € Wi(w,), one has

h.
(3.3) ol + plolimag. S X vl
z TCw,
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where 7y, and . are from (2.1). Furthermore, for any segment S. C w, that originates
at z and satisfies |S,| ~ H., one has

he

(3.4) i

oll15. S llvllle. -

Proof. First recall that for any edge S of any triangle T' € T,

diam(T")

— 7 IVolr
T

1 1
S lvllis < ] lvllvr +

Here, diam(T) ~ Hr so \—};\HUHl;S < %|||v|||T, while |T'| ~ hpHr so

h
(3.5) |—§| |vll;s S lolle - for S C T

Now consider each node type separately. If z is an anisotropic node (2.3), then
one has hy ~ h, in (3.5) for any edge S of any T' C w,. This immediately implies
(3.3) in view of |S| ~ h, for any S € 4, and |S| ~ H, for any S € v, \ 7.

Next, let z be a semianisotropic node (2.4). If S € v, is an edge of T' C w, such
that Hy ~ H, and hp ~ h,, then ||v||1.s is estimated using the above argument for
nodes of type (2.3). Otherwise, S € 4, and S is an edge of some isotropic 7’ C w, with
hp: ~ Hp: =~ |S]| so, by (3.5), ||[v|l1;s < [|Jv]]]zr. Combining these two observations,
one gets the desired assertion (3.3).

Finally, let z be an isotropic node (2.5) and note that then 4, = v, as h, ~ H,.
Again, if S € v, is an edge of some isotropic 77 C w, with hp ~ Hrp: ~ |S|, then,
by (3.5), ||vlli;s < |l|vlllzr. Otherwise, S is an edge of some anisotropic T” and
either |S| ~ hp» or |S| ~ Hps ~ H,. If |S| ~ hp~, then an application of (3.5)
yields [|v]|1.s < [|Jv]l|lz. If |S| =~ H., one can construct an isotropic triangle T' C w.
(which is not in 7") using S as one of its edges; now another application of (3.5) yields
lollis S vl S lllvfllw.. Combining these three observations with (3.1) implies
(3.3) for any isotropic node z.

To prove the remaining bound (3.4), note that for any segment S, C w, such that
|S.| ~ H., one can construct a triangle T' C w, (which is not in 7") using S. as one of
its edges, such that H7 = |S,| ~ H, and h; ~ h,. Now an application of (3.5) yields
?IZZ lvlli.5. S Mvll7 S llvlllw., so we have obtained the final desired bound (3.4). 0

4. Bounds for the Green’s function. To represent the error pointwise, we
employ the Green’s function for a standard linearization of Lup — Lu. Most results
in this section are quoted from [6].

Remark 4.1. Only to simplify the presentation, we additionally assume that f is
differentiable in u, and f,(z,y;u) < C'f for all z,y,u. In fact, all our results can be
obtained without these additional assumptions by an application of [6, Lemma 5].

There exists a Green’s function G(',y'; 7, y) : 2 x Q@ — R such that for a solution
u of (1.1) and any v € W} () C C(Q) with ¢ > 2,

(41) (’U - u)($/7 y/) = 52 <VU7 VG({EI’ yl; )> + <f(7 ’U), G(xla y/; )>
For each (2/,y’) € §, this function G, satisfies

—e2 Ay G + p(x,y) G =6(2 /s 2, y), (z,y) € Q,

4.2
"2 G(xlv Y, y) =0, (z,y) € ON.
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Here, the coefficient p = fol ful,u+ [v — uls) ds is obtained using the standard lin-
earization f(z,y;v) — f(z,y;u) = p(x,y)[v — u], and, in view of Remark 4.1, satisfies
Cy <p < Cy, while § is the two-dimensional Dirac §-distribution.

We require the following bounds from [6].

LEMMA 4.2. Let G be from (4.2) with0 < Cy <p < C'f and Cy +¢e2>1. Then
for any (2,y') € Q,

(4.3) 1G (o' )lie +elGE ') e S 1.

Also, for the ball B(z',y'; p) of radius p centered at (x',y') with £, :=1n(2 +ep~1),

(443) HG(CE/, 3/% )Hl ;B(x,y';p)N02 S E_sz Epa
(44b) |G($/a y/§ ')|1,1 ;B(x!,y’;0) N0 S ‘572/)7
(440) |G($/v y/; ')|271 i Q\B(z',y’;p) S 6_2€P'

Proof. The desired bounds are given in [6, Theorem 1] for p = Cy. An inspection
of the proof shows that it also applies to the case Cy < p < Cy. O

5. Error representation via the Green’s function. A calculation using (4.1)
with v = uj, and (1.2) implies that, for all vy, € S,

(5.1) (up, —u) (2 y") = e2(Vup, V(G —vp)) + (fL,G —wvp) + (fu — fL, G),

where, with slight abuse of notation, G = G(z,y/;-). Here, (fs, — fI,G) =: Equaa is
the quadrature error, for which (4.3) yields

(5.2) [Equaal S [1Fn = falloosa -

Next, let ¢, be the standard linear hat function corresponding to z € N, and
vn = Gp + Y ,cp G20z € Sh, where Gj, € Sy, is some interpolant of G, while g. is
a certain average of G — G, near z (to be specified later), but g, = 0 for z € 9Q
(so that v, € Sp). Now, using g := G — Gj, one gets G — vy, = g — > cpr G0 =
> .en(9 = gz)¢-. Combining this with (5.1) gives a standard error representation

(up — U)(xla y/) = Z 52/ (9 - gZ)¢Z[[vuh]] v+ Z f}{ (9—92)9- + Equad
(5.3) 2EN = ZEN VW=

= T+ IT + Equaa

which holds for any G}, € Sy, and any {g. }.ca such that g, = 0 whenever z € 9.

n (5.3), [Vup] is the standard jump in the gradient of u, across an interior edge.
To be more precise, we adapt the notational convention that the unit normal v to
any edge in 7, takes the clockwise direction about z, while Jw], for any w, is the
jump in w across any edge in -, evaluated in the anticlockwise direction about z. So
[Vup] - v =: J, is the jump in the anticlockwise direction about z, of the derivative
of wy, in the clockwise normal direction v. Clearly, |[Vui]| = |J:|, i-e., J, is a signed
version of |[Vuy]|. Occasionally, when computing [Vup] across the boundary edges,
we will adapt the convention that uj, = 0 in R? \ Q.

6. Error analysis on a partially structured anisotropic mesh. To illus-
trate our ideas, we first present a simplified version of our analysis on a simpler,
partially structured anisotropic mesh in a rectangular domain 2 = (0,1)2. Through-
out this section, we assume that the triangulation satisfies the following conditions.
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1

% € 1

Fi1G. 2. Partially structured anisotropic mesh (left); triangulation used in section 6.4 (right).

Al. Let {x;}7, be an arbitrary mesh in the x direction on the interval (0, 1).
Then, let each T' € T, for some i,
(i) have the shortest edge on the line x = x;;
(ii) have a vertex on the line x = ;11 or x = x;_; (see Figure 2, left).
A2. Let N = M, i.e., each z € N be an anisotropic node in the sense of (2.3).
A3. Let the triangulation satisfy the global coordinate-system condition in the
sense that |sin Z(S.,1,)] < ?Izz, which, in view of (2.2), is equivalent to
|sin Z(S,1)] S I%I for all S € S,, where i, is the unit vector in the z di-
rection.
The above conditions essentially imply that all mesh elements are anisotropic and
aligned in the z-direction. Note that A3 also implies that if z, = x;, then

w, Cwl = (i1, i) X (v, yh), vyl —y, ~h,, diamw, ~diamw’ ~ H,,

where (y;,y}) is the range of y within w,, while x_; := z¢ and x,41 := Tp.
A4. With some J < 1, let wl C wg‘]) for all z € N, with the notation w§°> = W,
and w¥ "™ for the patch of elements in/touching wd.
Remark 6.1. Note that if a nonobtuse triangulation satisfies A1 and A2, it also

satisfies A3 and A4 with J = 1.

6.1. Choice of g,. Main results. The choice of g, in (5.3) is related to the
orientation of anisotropic elements and is crucial in our analysis. We let g, = 0 for
z € 010, and, otherwise, for z, = x; with some 1 <i <n — 1, we let

(6.1) /zi+1(9(ﬂr, Y:) — gz) pi(x) dz = 0.

i—1

Here, @;(x) is the standard one-dimensional hat function associated with the mesh
{z;} (i-e., it has support on (z;_1,x;11), equals 1 at © = x;, and is linear on (x;—1,x;)
and (z;, Ti41))- B

Remark 6.2. For z, = z;, let S, C w? be the interval joining (x;_1,y.) and
(zi+1,Yyz). Then the definition (6.1) of g, is identical to

(6.2) /(g—gz)tpi:() if z,=2;, 1<i<n-1.
Sz

Furthermore, for a nonobtuse triangulation, it is equivalent to [5 (g —g.) ¢. = 0. By
contrast, one standard choice used in the a posteriori error estimation on shape-regular
meshes, which we denote by g, is [ (g9 —g.) ¢. = 0 (see, e.g., [16, Lecture 5]).
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THEOREM 6.3. Let A\, = min{e, H,}, g = G(«y';-) — Gp, with any G}, € Sy,
and

(6.3) O:=e"> Nlglle:, O =2"> Alglh, w: -
zeN zEN

Then (up, — uw)(2,y') = I+ II + Equaa for any (,y') € Q, where Equaa is bounded
by (5.2), and, under conditions A1-A3,

(64) 111 <0 max{A|l1.]| .},

(6.5) [l <O %%({872 Az HZHf}{HOO;wz}’

(6'6) |II| < e’ max{€72 )\3 ||fl£||oo ;wz} .
zeN
Under the additional assumption A4, for II we have an alternative bound

|II| < max { (©+ 9/) 572)‘2 min{&, hz}”fi{”oo w, T o’ 572)‘3 OSC(fi{? wz) }
(6 7) 2eN\NZq,
+ e zrenf?/z,*(g {872 /\E ”fl{”oouuz} )
where Njo, ={z € N 12, =0 orxz, =1} (in agreement with (2.6)).

6.2. Jump residual. Proof of (6.4).
Proof of (6.4). Split I of (5.3) using [Vus] - v = [Ozun]vs + [Oyun]vy as

(6.8) I=r+ 1172302 [ (- g)s 0l v,
2eN Z
+ Z 52/ [g - g(ﬁayz)] (bz[[ayuh]] Vy
2eN z

T Z 52/ [9(7,y2) — gz] ¢ [Oyun] vy .

2EN

In view of (6.3), to get the desired assertion (6.4), it suffices to show that

(6.9) 1T+ S Y gl
zEN

J|| " =0.

w* ey ?
z 00 ;Y=

Here, the bound for I is obtained using
[y g, y) — 9@z, 92)| S 10ygllhw: S gl

The estimation of I’ in (6.9) is more subtle. We again use |¢,[0,up]| < |J.| and
it remains to show that

¢-[0yun]| < |J.] and |vy| < 1, and also

* .
wz

(6.10) / (lgvel + 1g:2]) < Ngll: -

z

Here, crucially, |v,| < I%zl for any S € v,. (This follows from |v,| = |sin Z(S, i)]
and A3.) To be more precise, for S C 7, one has |S| ~ h, so |v,| < 1, while for
S C 7.\ 4 one has |S| ~ H, so |v,| < %=. Now an application of (3.3) combined

with (3.2) yields [_[gvs| < llglll.. One then gets [ lgva| < llgl

wr as diamw, =~
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diamw;. Next, noteithat f'Yz 1G.v2] < hi|g.] < Ihfz lgll1.5., where we used (6.2), in
which S, C w? and |S,| ~ H,. Now an application of (3.4) yields fv 19-ve] S lllgllle:-
Note also that if z, = z¢ or ¢, = x,, then g, = 0, so (6.10) remains valid. Thus, the
bound for I” in (6.9) is established.

It remains to estimate I =% _\ I'", where

(6.11) 12 =2 [ lgfege) - 9. é-10,ul v,

First, let z € A\ 09, i.e., v, = x; for some i =1,...n —1, and y, # 0,1. In
view of the mesh structure, ¢. = ¢;(x) on v, while vy|dv| = —sgn(z — z;) dz, and
[9(x,y.) — g.] is a function of = only. Hence, one gets

(6.12) I =e>| > [Oyun] /w [9(z,y-) — g=] pi(z) dx

Sevz it

—e? | D [0yun] /Im[g(ﬂr,yz)—ﬁz]%(ﬂs)dx-

Se~d ‘

Here, v} = {S € 7. : proj,S = (z,xi41)} and 77 = {S € v, : proj,S =
(xi—1,x;)}, where proj,(-) denotes the projection onto the z-axis. In fact, v, =
Y. U~vF Uys, where 4, = v, N{x = z;} contains two short edges, for which v, = 0, so
J;. does not appear in (6.12). Combining (6.12) with the definition (6.1) of g. implies
that

(6.13) I'=e > [Oyun] /I l9(z,y2) — 9] pi(x) dz .

Seyzuvd ot

Here, 3 gc. -+ [0yun] = > gcs. [0yun] = 0 (in view of v, = S and [9yun]5. = 0).
Hence, I/ =0 for z € N\ 9.

Next, if z € N NN and either y, = 0 or y, = 1, then g, = 0 and g(z,y.) =0 (as
g =0 on 09Q), so, by (6.11), again I = 0. Finally, consider I/ when z € N' N 99,
but y, # 0,1 and z, = z,, (as the case x, = ¢ is similar). Now g, = 0, but both
(6.12) and (6.13) remain valid with v;" = 0. Also, >S5 - [Oyun] = > ges. [Oyun] =0
(in view of v; =S, \ 00 and [Oyun]|s.nao = 0). Hence, we again get I = 0. O

Remark 6.4. An inspection of the above proof shows that it remains valid if
{G:}2en defined by (6.1) are replaced by {gi}.car such that g¥ = 0 for 2z € 99, and

(6.14) H.|g. —gz| < lllgll

Indeed, I will include an additional component I* := %~ __ . ¢ f'Yz (G:— 35 [Vup]-v,

wE s thZ|§:| < Hg”l;w;‘ .

for which one easily gets [I*| < 3.\ €? H:|g. — Gi|[|J:]lo0sy. and then (using the
first relation from (6.14)) a bound similar to the one for |[I’| + |I”| in (6.9).
Note that (6.14) is satisfied if g3, for z € N\ 9Q with =, = x;, is defined by

(6.15) [ @) - g2)ita) =,

where recall that w? = (z;_1,%i+1) X (y5,y7T) and |w}| ~ h,H,. Now the second rela-
tion in (6.14) follows immediately, while [ .[g(z,y.) — g(z,y)] vi(z) ~ h.H.(g. — g3)

w

implies H.|g. — 95| < [|0y9||1;0: and so the first relation in (6.14).
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6.3. Interior residual. Proof of (6.5)—(6.7). Now we focus on the interior-
residual component II of the error (5.3).
Proof of (6.5). In view of (6.3), it suffices to show that

(6.16)

Hoo jwa
zeN

When estimating I’ in section 6.2, we used h.|g.| < Ih{—zz||g||1;gz S llglllw: (while for
z € 0%, one simply has g. = 0). Hence, [|[g—=3:[1:0. S |9ll11w. +h-H:|7:| S H:l|glllw:-
Combining this with the definition of IT in (5.3) yields (6.16) and hence (6.5). a

Proof of (6.6). This bound is obtained similarly to (6.5), only the definition of
©’ is combined with [II| < 3. 19l11 5wz | [|oo sw. - For the latter, by Remark 6.4,
replace {g.} in (5.3) by {gi} of (6.15), which, by (6.14), yields ||g — Gill1:w. S
lgliw:: O

Proof of (6.7). Using Remark 6.4, we again replace {g.} in (5.3) by {g}} of (6.15).
Let N' = U \N;, where N; := {z : z, = 2;}. Note that Ny UN,, = N,. Now split II
of (5.3) as IT = S0 II; + Iose + I}, as follows:

I =y falzisy) (9 — %) ¢=

zeN; Wz

Hose == Z / [fi{_fi{(xmy)] (9—32) 9=

2eN\NZq W=

Iy = 3 /fé(g—éi)@.

* W,
zeNZ,

Here, for Il,s. and II},, we immediately get a version of (6.6):

617 IIosc <@I { 72)\2 L—f zZ o0 W }7
(6.17) Hose| < L (¢ 2 fn = fa (@2 y)lloo s
(6.18) 5] 50 max {7232 oo }-

2N,

So it remains to estimate II; for 1 < ¢ < n — 1, which can be rewritten as
i+1
=Y / fil@iy / (9 —G2) ¢- dz dy.
zEN; Ti—1
Note that » ., ¢- = pi(z), so
Ti+1 Ti+1 Ti+1 ‘Tz+1
Z/ g¢zdx—/ gwdw:gi(y)/ %dﬂr—Z/ y) - dz.
zEN; Ti-1 Ti-1 2€N;
Here, g; is deliberately defined similarly to g, in (6.1). Now

/ Fh(@iy) /W(gz(w—gz)@dxdy: S ey @) -a2) o

zeN Ti-1 2EN; VW=
Next,
(6.19)
LIS 3:W) = 321w | fillsoswr S min{||9||1;w;7hz|||g|||w;} i oo s -
zeN; zeN;

Here, we used [|gi(y) — g3 ll1;w. S |lgll1iwr (which follows from the definition of g;
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TABLE 1
Bakhvalov mesh (see Figure 2, right), mazimum nodal errors,estimators € and E6.6)-

N e=1 e=27% =270 c=92"15 =2"20 =92"25 o =2-30
Errors (odd rows) and computational rates (even rows)

64 | 3.373e-4  3.723e-3 8.952e-3 8.973e-3 8.973e-3 8.973e-3 8.973e-3

2.00 1.91 1.01 1.00 1.00 1.00 1.00
128 | 8.445e-5 9.935e-4 4.446e-3 4.484e-3 4.484e-3 4.484e-3 4.484e-3
2.00 1.98 1.04 1.00 1.00 1.00 1.00

256 | 2.112e-5  2.523e-4 2.165e-3 2.236e-3 2.236e-3 2.236e-3 2.236e-3
Estimator € = max{&(.4),(6.7)} (0dd rows) and effectivity indices (even rows)

64 | 7.353e-3  1.204e-1 1.224e-1 1.230e-1 1.302e-1 1.302e-1 1.302e-1

21.80 32.33 13.68 14.48 14.51 14.51 14.51
128 | 1.885e-3  3.212e-2 6.005e-2 6.621e-2 6.646e-2 6.647e-2 6.647e-2
22.32 32.33 13.51 14.77 14.82 14.82 14.82
256 | 4.771e-4  8.268e-3 3.073e-2 3.328e-2 3.354e-2 3.354e-2 3.354e-2
22.59 32.77 14.20 14.89 15.00 15.00 15.00

Estimator £.6) (odd rows) and effectivity indices (even rows)

64 | 6.810e-3  2.516e-1 9.403e-1 9.981e-1 9.999e-1  1.000e+0  1.000e+0

20.19 67.59 105.04 111.23 111.44 111.45 111.45
128 | 1.761e-3  1.120e-1 8.858e-1 9.961e-1 9.999e-1  1.000e+0  1.000e+0
20.86 112.72 199.26 222.15 222.98 223.01 223.01
256 | 4.480e-4  4.036e-2 7.901e-1 9.922e-1 9.998e-1  1.000e+0  1.000e+0
21.21 159.97 365.01 443.82 447.17 447.27 447.28

and (6.15)), and also |w.| =~ h. H. combined with h.H.|§i(y) — 3% lloow. S hzlllglllw:-
For the latter, fix ¥’ € (y;,yS) and note that the definition of g; and (6.15) yield
Jorlo(@,y') = g(@, )l pi(x) = h-H:[3:(y') — gZ], where wl = (i1, zit1) ¥ (47, 4)
and |wZ| ~ h-H., so indeed H:[g:(y") — gZ| S [10ygll1:0z < [l|glllw:-

Finally, combining (6.19) with that min{a, h.b} < (AJ2a + A;1b) min{\2, \,h,}
(for any a,b > 0) and min{A\2,\,h,} = X, min{e, h.}, and then with (6.17),(6.18),
and ||ff — fl(2.,9)lcow. < osc(fl;w?), and also A4 yields the desired bound
6.7). O

6.4. Numerical results. Before we proceed to the analysis of more general
meshes, we test the estimators of Theorem 6.3 using a simple version of (1.1) with
Q = (0,1)? and f = u — F(z,y), where F is such that the unique exact solution
u=4y(1l—y)[l —a®— (e ®/* —e V%)/(1 — e~ /%)]. (The latter exhibits a sharp
boundary layer at © = 0.) We consider one a-priori-chosen layer-adapted mesh, as on
Figure 2 (right), which is obtained by drawing diagonals from the tensor product of
the Bakhvalov grid {x(% )}, in the z-direction [2] and a uniform grid {} Mo in the
y-direction. The continuous mesh-generating function x(¢) =t if ¢ > %; otherwise,
x(t) =3eln L for t € (0,3 — 3¢) and is linear elsewhere subject to x(1) = 1.

Table 1 gives the maximum nodal errors, the computational convergence rates,
and the two estimators £ := max{&.4), E6.7)} and £ ) with their effectivity indices
(computed as the ratio of the estimator to the error). Here, ..y denotes the right-
hand side of (6.-), in which we set © = ©' = 1 (while, by Lemma 8.1 below, © + 0’ <
¢5) and also replace quantities of type min{1,e 1a} by their smoother analogues &%a,
e.g., Ee.6 = maxzej\/{(af;[z)2||f,{|\oo;wz}. Note that we define £ as a maximum
rather than a more standard sum E.4) + 6.7y = &, as this allows a more balanced
comparison to &.6). Note also that the estimator £ is of type (1.4), while £.¢) is a

sharper version of the interior-residual term from (1.3).
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The mesh is chosen so that the linear interpolation error [|[u — u!| s .00 < N 72
however, as € — 0, the convergence rates deteriorate from 2 to 1. (This phenomenon
is noted and explained in [10].) For the considered ranges of ¢ and N, the aspect ratios
of the mesh elements take values between 1 and 3.6e+8. Considering these variations,
the estimator £ performs reasonably well and its effectivity indices stabilize as ¢ — 0.
By contrast, the ingredient £.¢) of the estimator (1.3) is adequate for e ~ 1, but its
effectiveness deteriorates in the singularly perturbed regime.

7. General-mesh a posteriori error analysis.

7.1. First estimator. We start with a version of the estimator (6.4), (6.5), (5.2)
for a general mesh. To simplify the presentation, we make the following assumption:
Al. If z € N is a corner of Q, then z € Ny (i-e., all corners are isotropic nodes
and none of them is in Nj,).
This is a reasonable assumption as typical corner singularities are isotropic. Occa-
sionally, we make a further assumption:
A2. Quasi-non-obtuse anisotropic elements. Let the maximum triangle angle at
any anisotropic node z be bounded by §+a; ;}—zz for some positive constant a;.
Note that for A2, it suffices to satisfy the following stronger condition.
A2’ Let the maximum angle in any triangle be bounded by § + alg—g.
Note also that the latter condition is always satisfied by isotropic elements and requires
only the anisotropic part of the mesh to be close to a nonobtuse triangulation.
Figure 3 shows an example of a mesh that satisfies all assumptions made in this
section (see Theorems 7.1 and 7.7) but not A2’
THEOREM 7.1. Let A\, = min{e, H.}, g = G(2,y' ;) — G with any Gj, € S,
and

(7.1) O:=c" > A lgllr, O =) A lglh, w. -
zEN TCw, 2eN

Then (up, — uw)(2y') = I+ II + Equaa for any (2,y') € Q, where Equaa is bounded
by (5.2), and, under conditions Al and A2,

<
(72) I <O IZDEE}\)[({ o] | A
Under condition Al (without assuming A2), one has

1 .
(73) 1156 (max{ | b+ max (A Hh: ), T= Y,

Seéz

00372

Fic. 3. Ezample of a mesh considered in section 7, which satisfies Al, A2, A3, and A4 (but
not A2').
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= ==F
¢=(£)

F1G. 4. Local notation (left); an anisotropic path and a semianisotropic path highlighted (right).

where Nyp; = Nani \ 0 UN3q, C Nani, and we use the notation o,|s = cos Z(S, S’Z),
S, =7. for 2 € Nani \ 09, and S. = S. N O for z € Nijq,

(7.4) |1 £ © max{e™® A Helfillloo .}

(75) 1] <0 max{e X[ filloow. }

Remark 7.2. Note that J, in (7.3) involves jumps J, in the normal derivative,
across edges in S,, evaluated in the anticlockwise direction about z. Here, S, includes
exactly two edges of length ~ h,. For So'z C 02, one uses uj, = 0 in R?\ Q, while |o,| =
| cos £(89, S.)| is constant on S, so a calculation yields |.7.| = |o-] | > ses [Vun]l.

7.2. Jump residual. Proof of (7.2) and (7.3) on a general mesh.
Proof of (7.2). Tt suffices to show that | J.| < QI—ZZHJZHOOWZ; then (7.2) immediately

follows from (7.3), which is proved below. Indeed, for any z € Nani, any edge S € S, is
of length ~ h., so A2 combined with (2.2) and (2.3) implies that ||£(S, 5.)| - 5| < =

so |o.| = |cos £(S,5.)] < IZ—ZZ Now, if S, = 4. C ., the desired bound on | 7| is
straightforward. Otherwise (see Remark 7.2), S, C 99, so |7.| < Z—Zz| > seq. [Vun]

(in view of S, = S, U, and > ses. [Vun] = 0). The desired bound on [J| fol-
lows. d

Proof of (7.3). For each fixed z € NV, introduce the following local notation. Let
the local cartesian coordinates (£,7) be such that z = (0,0) and the unit vector i in
the £ direction lies along the longest edge §’Z € S, (see Figure 4, left). )

Next, split S, = S, USFUS;, where S, = {S C S, : [S| S h.} (s0 9. = 5.\ 9Q).
Here, we also use S := {S C 8.\ S. : S¢ C R, }, where S¢ = proj.(S) denotes the
projection of S onto the &-axis. Now, let (£7,£F) 3 0 be the maximal interval such
that (£7,0) C Se for all S € S and (0,&F) C S for all S € SF. Also, let ¢.(§) be
the standard piecewise-linear hat-function with support on (£;7,£}) and equal to 1 at
¢ = 0. Note that if S =0 (and SF = 0), then we set £, = 0 (and £ = 0) and do
not use ¢, for £ <0 (and £ > 0).

We make a few observations on the above definitions for particular node types in
the following table. (For the time being, see the rows for ST and ¢F.)

z € Nani \ N3 z € Njq C Nani 2 € Ns.ani z € Niso
sF || 87,8+ #0 S; =0, ST #0 S =85=0
& | &~ ~n. € =0, & ~H. & =& =0
3= (7.6)=(7.7) g-=0 (7.6) = (T.7)| 5 _y g-=0
I (7.12) VY 2z € Nani I =0
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Next, for £ € [¢,,&)], define a continuous function 7,(£) with the following
properties: (i) 7,(0) = 0; (ii) (£, 7.(£)) € w, forall € € (£,&F); and (iii) 7, (£) is linear
on [¢;,0] and [0,&f]. (Note that one may choose 7, (§) so that {(&,7.(¢)) : £ € (£;,0)}
lies on any edge in 87, while {(£,7.(£)) : € € (0,£1)} lies on any edge in Sf; see
Figure 4 (left).)

We are now prepared to specify g.. (See also the row for g, in the above table.)
We let g, := 0 if 2 € Njg is an isotropic node or z € 99, and, otherwise, let

ef
(7.6) /5 [9(6,7:(6)) — 5] - () dE = 0,

z

Also, let S = {(&,7:(¢)) : € € (6.,0)} and SF = {(£,7:(€)) : & € (0.61)}, ie.,
S¥ is the interval joining (0,0) and (£, 7,(£F)). So using (7.6) and then (3.4), (3.1)
yields

_ h
(7.7) halgzl S -ll9lh szusr S llglle. S > lglliz-
? TCw,

To ensure that for z € [Nani \ N3] NOQ and z € Ny ani N IQ both (7.6) and (7.7)
agree with the definition g, = 0, we choose 7}, for these nodes such that {(£,7.(£)) :
€€ (&7,6H)} lies on the boundary (i.e., ST C S.NAN).

Now we proceed to the estimation of I of (5.3) and split it as I =} __,, I, and
then I, similarly to (6.8), as

(78) L= / (9 9:)6:[Vun] -v = I, + I/ + I 4 I

z

= / (9 — 3:)6:[Vun] - v + €2 / (9 — 52)6:[cun] ve

=\Y=

te? / 9 — 96, 71=(€))] @=[Oyun] vn
’Yz\ﬁ’z

e / [9(€,7:(€)) — =] 0= [Oun] vy
’Yz\ﬁ’z

+ 52 /yz\%z (g - gz){(bz - ‘Pz}[[anuh]] Vn,

where, with slight abuse of notation, g = g(&, 7).
To get the desired assertion (7.3), first we show that

o) e ( 5 mng) Il forzen

TCw,

Here, the bound for I7 is obtained using |[Opup]| < |J.| and |v,;| < 1 and also

Lins. 19 m) = 9(6n=())le= < 10911 . < llglllw. combined with (3.1).
The estimation of I in (7.9) is more subtle. We use |¢. [Vup]|+|¢-[0cun]| < |J.]
and |v] <1, so it remains to show that

(7.10) [ l+lab+ [ (lovel +lane) $ 3l

z z\Vz TCw,
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Here, crucially, |ve| < ‘S‘ for any S € 7. \ 4.. (This follows from |vg| = |sin Z(S, i¢)]
and (2. 2)) To be more precise, for S C 7, \ ¥, and 2z € Nani UN; ani, one has |S| ~

o == (while for z € N, we do not need to bound |vg| as v, \ 7. = (). Now
an apphcatlon of (3.3) yields the bounds for |g| and |g v¢| announced in (7.10). Next,
unless g. = 0, one has [} |g:[ + [, 4 19:v¢| < hz|g:|. Combining this with (7.7)

immediately yields the remaining bounds for |g.| and |g v¢| in (7.10). Finally, note
that the latter bounds are trivial if g, = 0. Thus, we have established (7.10) and so
the bound for I in (7.9).

The bound for I”” in (7.9) is obtained by combining the argument for I, with
|vy] < 1 and a crucial observation that 0 < ¢, —¢, < I}Z onany S € v, \%, C STUS; .
We now show the latter for S € S (as the case of S € S; is similar). Consider any
triangle T C w, with two edges S', §” C Sf, ie., |S'| ~ |S”| ~ H,. Then, by
(2.3) or (2.4), hy ~ h,, so, by the maximum angle condition, [[S’| — |S"|| < h.
and so [|S¢| — [S{[| S hs. As a similar property holds for any two edges in S,
1S\ (0,&5)| < h. for all S € SF. This implies 0 < ¢, — . < 4= on any S € SF.
Thus, the final bound for I in (7.9) is established.

It remains to estimate I in (7.8), in which [g(&, 7. (£)) — g.] ¢- is a function of £,
while v, |dv| = —sgn(§) d§. Hence, one gets

0
@ =2 Y ol [ @) - ale©d
SesT\00 &
—2 Y [l / (7 (6) — 9:] 0 (€) de

SeSH\an

Consider various node types separately. (See also the table above.)

First, for z € Nis, one has ¢* = 0 and SF = () so I’ = 0. Next, recall that for
z € Ny.ani, one has £ = 0 and S; = ) so combining (7.11) with (7.6) immediately
yields I/ = 0. Now, for z € [Nani \ N3q] N0, recall that g. = 0, while 77, was chosen
so that each (&,7.(£)) € 9 so g(&,7.(£)) = 0; hence, again I = 0.

For the remaining nodes z € Nopi = WNani \ 0Q] U N, we claim that

(7.12) FEDS (52 > |||9|||T> H.h; || for 2 € Nani.
TCw,

Indeed, consider z € Nan; \ 9. Then SE\ 00 = S and S, = 4., so combining (7.11)
with the definition (7.6) of g. and also 3 gcs- s+ [Opun] = — > gcs [Oyun] yields

+

(7.13) 2= Y gl ) [ o€ n6) - 9. - de.
Ses. 0
As, by (7 6 7 7 foz 5 ﬂz(ﬁ)) - §Z|90z d§ < ”gHS‘j' S thZl ZTcwz |||g|||T7 S0

I"'|<< ) |||g|||T) H.0 | S [0gun]

TCw: Ses.
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In view of [d,un] = —J. cos Z(S,i¢), where cos Z(S,i¢) = cos Z(S,5,) = 0.|s, one
gets (7.12) for z € Nani \ Q. For z € N, C Nani, the bound (7.12) is obtained using
a similar argument, only now (7.11) with S =0, £, =0, and S} \ 92 = S implies
(7.13) (in which g. = 0); the latter again leads to (7.12), where now S, = S, N dX.
Thus, (7.12) is established for all z € /\~fani.

Combining (7.8), (7.9), (7.12) with I = 0 for z € N\ Nan; yields the desired
bound (7.3). O

Remark 7.3. An inspection of the proof of (7.3) shows that Theorem 7.1 remains

valid if the local cartesian coordinates (€,7) satisfy |£(S.,i¢)| < IZ—ZZ (rather than

Z(S.,i¢) = 0), as then cos Z(S,ig) = o.|s + O(IZ—Z) again yields (7.3). Also, the
requirement that z = (0,0) in the coordinates (§,n) can be dropped.

Remark 7.4. An inspection of the above proof shows that it remains valid if
{G.}:en defined by (7.6) are replaced by {g:}.cn such that g5 = g, = 0 for z €
Niso U 09, and a version of (6.14) holds true with w? := w,. Indeed, each I, will
include an additional component I} := &2 f% (9=—95)¢-[Vun] - v, for which, imitating
an argument from Remark 6.4, one gets |I7]| < &2 |||g|llw. [|/:]lcc;7.- Combining the
latter with (3.1), we conclude that || is bounded by the right-hand side of (7.9).

Furthermore, a more careful inspection shows that the above proof remains valid
even if (6.14) uses w} = w, Uw,+ or w? := w, Uw,+ Uw,- as long as z* is connected
to z by an edge from SF and H,+ ~ H, (so A+ ~ \,).

Remark 7.5. Suppose that z € N ani \ 9Q and S contains at least two edges, or
2 € Nani \ 09 and each of ST contains at least two edges. Then there is a sufficiently
small constant § > 0 such that for each such z, one can choose 7, (£) in (7.6) so that
the domain @, := {(&,7.(§) +1t) : £ € (67,&H),]t| < Oh.} is a subset of w,. Now,
(6.14) will be satisfied with w} := w, if g} is defined by

(7.14) / lg(6.m) — 5] =(6) = 0.

The second relation in (6.14) follows as |&,| = 20h, (¢ — &) ~ h,H, and &, C w,
so, indeed, h:H.[gZ| < ||gll1sw.. Next, f@z [9(€:7:()) — 9(& Mz ~ h2H.(g- — g7)
implies H.|g. — g% < 1099111 5w, < [|9]|lw. , i-e., one gets the first relation in (6.14).

More generally, if 2 € N\ [NisoUOQ] = [Nani UN;.ani] \ 0Q and each of ST contains
exactly one edge, then the above is true with @, C w} = w, Uw,+ Uw,-. Otherwise,
if S} contains exactly one edge, the above is true with @, C w} := w, Uw,+. In both
cases, we use the notation and the final conclusion of Remark 7.4 combined with the
observation that (2.3)—(2.5) imply H,+ ~ H.,.

Remark 7.6 (higher-order elements). A version of the jump residual bound (7.3)
for higher-order elements requires the notation J:(§) 1= > ¢¢ st\oa[Onun]. In con-
trast to the linear elements, 7*(¢) are not constant so remain inside the correspond-
ing integrals in (7.11). So one gets (7.3) with | 7| replaced by |7, (0) + J.5(0)| +
osc(JF;w,), and J\N/ani by /\~fani U MNsani- (For 2z € Njani, one can use a simpler
osc(J,";w,) in place of | 7.|.) Note also that with the interior residual f/ corrected
to a more general —e?Auy, + f ,{ , all results of section 7 for the interior residual apply
to higher-order elements.

7.3. Interior residual. Proof of (7.4) and (7.5).

Proof of (7.4). The proof of this bound closely follows the proof of (6.5) in
section 6.3. The main difference is that, unless g, = 0, one uses h;|7.| < |||g/||w. from
(7.7), so now ||g—Gzl13w. S H:ll|gllw.. Combining this with (3.1) leads to (7.4). O
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Proof of (7.5). This bound is also obtained similarly to (6.5), only the definition of
Tt oo ., where w? = w,, or w} = w, Uw,+

©' is combined with [II| <> [lg/l1 5w

or wy = w, Uw,+ Uw,- with H,+ ~ H, and A\,+ ~ A,. For the latter, using
Remarks 7.4 and 7.5, replace {g.} in (5.3) by {g:} of (7.14), which, by (6.14), yields
Hg_gyl;szHng;w;" a

7.4. Further mesh assumptions. Second estimator. To get a version of the
estimator (6.4), (6.7), (5.2) for a more general mesh, we make further assumptions on
our triangulation. It is essential in this part of the analysis that we look at sequences
of short edges that connect anisotropic nodes. This concept is implemented with the
help of the following definition.

DEFINITION. A (semi-)anisotropic path, or simply a path, is an ordered sequence
{Zj}é?:l of nodes in Nypi \ Mo (or Ngani) for some k£ > 1 (which may differ for
different paths and for which no upper-bound assumption is made), such that each
zj, j=1,...,k—1,is connected to z; 41 by an edge of length ~ h,, ~h, ,, and each
of the start and end nodes z;, | = 1, k, either lies on 9 or is connected by an edge of
length ~ h,, to an isotropic node of patch diameter ~ H,, (e.g., if z; ¢ 012, then is
it connected to some node zg € N by an edge of length =~ h,, and H,, ~ H,,).

Let N; C Nani \ NV, be an anisotropic path for i = 1,..., nani, and N; C Ny ani,
be a semianisotropic path for ¢ = nani + 1, ..., Nani + Ns.ani (With no upper bound
assumption made on Nani Or Mg ani). Furthermore, let Npatns 1= U?;‘i‘*”s'a“v\/i. Note
that A\ Mpaths may include (semi-)anisotropic nodes that do not belong to any path.

A3. Path coordinate-system condition. For each (semi-)anisotropic path N, i =
1, .., Nani + Ms.ani, let there exist a cartesian coordinate system (£,n) =
(&,m;) such that |sin(Z£(S,i))] < I%ZI for any S C S, of any node z € N
(while, if N is semianisotropic, a stronger condition |Z(S,i¢)| < I%ZI is satis-
fied).
Note that assumption A3 implies that for any z € N;, i = 1,...,Nani + Ng.ani, With
the notation €; := U,ecn,w,, one has

(7.15) w: Cwl=QN{n € (n.,nH)}, ni-n. ~h,, diamw, ~diamw}~H,,

where (n;,n}) is the range of 1 in w,.
A4. We also assume that w? C W where J <1 (with w'”) defined in section 6).
THEOREM 7.7. Under conditions of Theorem 7.1 and also A3 and A4 (but without
assuming A2), one has (up, — u)(2,y’) = I + II + Equaa for any (z,y’) € Q, where I
is bounded by (7.3), Equad s bounded by (5.2), and
|| < [ hax {(©+0") e ?\, min{e, R} f1 |loc w. + O e 2A2 osc(ff;w:) }
(7.16) pm

' —22 ) oI
+ @Zeﬁ%ﬁams {5 A ”thOO;wz} .
Under the additional condition A2, the error component I is also bounded by (7.2).

Sections 7.5 and 7.6 below are devoted to the proof of this theorem.

Remark 7.8 (curvilinear layers). Condition A3 applies to a particular path. (For
example, the two paths on Figure 4 (right) may have different coordinate systems
(&, 1m:).) Hence, A3 does not prohibit anisotropic mesh elements to be aligned along
a curvilinear layer. However, the local coordinate condition (2.2) restricts such align-
ments to the case oH? < h, (where g is the layer curvature).

On the other hand, this restriction agrees with the linear interpolation error. To
illustrate the latter, u = e~(1=1#0/¢ in Q = {|x| < 1} exhibits a circular boundary
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layer. If the boundary nodes form an equidistant mesh of diameter H, on 02, then
dist(9Q, 02,) ~ H? (where Q, := UperT), so u—u! ~ min{e~1H2, 1} on 0€y,, while
on the short edges of length ~ h, originating on 99, one has |u—u!| < min{e~'h,, 1}.

7.5. Choice of g, for the second estimator. Jump residual. To get the
sharper estimator (7.16) for the interior residual, we need to tweak the definition (7.6)
of g. for each path N; = {z;}5_, (where k = k(i)) as follows. For each z; € N, let the
local cartesian coordinates (£,7n) described in section 7.2 and used in (7.6) coincide
with (&;,7;). (Recall that originally, (£,7n) were chosen independently for each z; now
(&,m) = (&, ;) remain unchanged for all nodes of each path.)

In view of Remark 7.3 and .43, all conclusions of Theorem 7.1, with the exception
of (7.5), remain valid under the above choice of local coordinates (£, 7).

Remark 7.9. For all bounds in Theorem 7.1, including (7.5), to hold true, it
suffices to replace {g.} in (5.3) by {g:} that satisfies (6.14), where w? is from (7.15)
and satisfies A4 for z € Npatns, and w? is from Remark 7.4 for z € N\ Npatns.
Hence, for 2 € N\ Mpaths, let {g%} be as in the proof of (7.5), i.e., as in Remark 7.5
(in particular, gi = g, = 0 for z € N U 99, while, otherwise, use (7.14)). For
z € Npaths, such g; will be specified in section 7.6 below.

7.6. Interior residual. Proof of (7.16).

Proof. First, replace {g.} in (5.3) by {g} from Remark 7.9. (Such g; for z €
Npatns Will be specified below.) Now, recall that N = (U234 ALY U (N \ Npatns )-
So split II of (5.3) as II = ), II; + Ilosc + I\ paths as follows:

IIi = Z f}{(XZ7YZ) (g _gz)¢27

2EN; Wz

Hose = Z / [f}{_flg(XmYZ)] (9—92) 9=,

w
ZeNpaths =

II\paths = Z / f{ (g - g:) ¢z .
ZGN\Npaths W=

Here, all integrals are in the original variables (z,y), and we use some (X,,Y,) =
(X2 (z,y), Y. (z,y)) € wi assigned to each (z,y) € w, for z € Mparns. Hence, for Iy
and II\ paths, We immediately get versions of (7.5) (using Remark 7.9):

(7.17) [ose] SO max {5_2 M osc(ff ;w:)},
2€Npaths
7.18 I ine] <O max {5—2 22 oo }
(1.18) el SO {72 o
To complete the proof, it now suffices to show that for i = 1,..., nani,
) (Z A gz + 37 A72llg! ) maix {min{\2, Ak | oo o }
2€N; 2€N; '
(7.19)
+ A2 ok [ma A2 ose(ff:w)l+  ma A2 N oo ]
(30 ol ) [y 02 ot +_gus 020701
and that for i = nani + 1,...,Nani + Ns.ani, one has a version of (7.17) with ||g|[|.s

replaced by [[|glllws + > rc,,. llglll- Indeed, then the desired assertion (7.16) follows
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from (7.17) and (7.18) combined with the observation that . |II;| is bounded by the
right-hand side in (7.16). The latter can be shown by combining (7.19) for all ¢ with
min{\?, \.h.} = A\, min{e, h.}, and then (3.1) and (7.1), and also noting that, by
A4, one can replace w} in (7.19) by w..

We now proceed to establishing (7.19). First, consider II; for some i = 1,. .., nani,
which corresponds to an anisotropic path A; = {z; ?:1 (with k = k(7)). Recall that
Qi := Uzen,wz, and let QF := Q; \ (w}, Uw}, ). Within Qf, we shall use the local
cartesian coordinates (£,1) = (&;,7;), as described in section 7.5. Note that, by A3
and the maximum angle condition, the polygonal curve joining consecutive nodes of
the path NV; can be described in these coordinates by some function £ = &;(n), while
the two disjoint polygonal curves forming 0€2; \ [Ow,, U Ow,,] can be described by
some functions £ = K:;t(n). Furthermore, Q2 is a curvilinear rectangle bounded by
the curves ¢ = k*(n) and the lines 7 = 5, and n = 7, (assuming, without loss of
generality, that 1 increases as we move along the path N; from the start node z; to
the end node z;). Note also that |d%/<ai| + |d%/<aii| <1, so

£k (n) — ki) ~ H.  for n e (n7,n5) Um0z,

(7.20) osc(k(n) ;wk) + osc(lii(n) swi) S he,

where we also used (7.15) and .A4.

As w, = (W, Nw?, U (w. Nw?, U (w, NQ), split 171, = 1 + 17 4 177, where 111V
and Hi(k)7 respectively, correspond to w, Nw}, and w, Nwj, , while II} corresponds to
w; N Q7. Furthermore, in each w, Nw},, choose (X (x,y),Y.(x,y)) = (z,y) so

(7.21) 1'=> [ fle-ghe. fori-vik

*
2EN; W= ﬂwzz

Next, we rewrite II in the coordinates (£, 7). Now, (X, (z,v), Yz (z,y)) becomes some
(P.(&,m),Y.(&mn)), and then in each w, N QF, we choose (¥, T,) = (ki(n),n) € w}.
So, with slight abuse of notation, we arrive at

n, wF ()
(7.22) =S [ i) / (g — %) 6. de dn,

+ -
zeN; ¥ =1

: ()

where g = g(¢,7) and ¢. = ¢-(£, 7).

Without loss of generality, let z; € 99, and z; be connected to some zy € Ngo
by and edge of length ~ h,, with H,, ~ H,,. Set ./\/;(l) ={z e N;:w.Nw; # 0}
for | = 1,k, and then let w}* := w} Uw,, for z € j\/i(k), and wl* = w} Uw,, for
ze NUANY . As A4 implies that w?* satisfies (7.15) and a version w?* C w >’
of A4, so the redefinition w? := w** for z € NV UN® will not affect any of the
above arguments. Now, we are prepared to define g& for z € M. Set gi = 0 for
z € J\/i(k) (which we show to satisfy (6.14) when dealing with IT, fk) below). Otherwise,
for z € N; \J\/i(k), use the definition (7.14) of g¥, in which @, := (£;,&F) x (n;,nf)
for z € N\ [/\/i(l) U/\/i(k)], and @, := @,, for z € /\/i(l) \/\/i(k), while @,, is chosen as in
Remark 7.5. (To simplify the presentation, assume that @., C w,,; the general case
is addressed in Remark 7.10 below.) For z € ; \M(k), the second relation in (6.14)
follows from @, C w}, while for the first relation we imitate the related argument

z9

from Remark 7.5. (Note that, strictly speaking, @, C w is valid only if the support
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of ¢, (&) satisfies (£;,&5) € (k7 (n), &7 (1)) for the range of  in w,. In view of (7.20),

to satisfy this condition (if this is not the case), the support interval width reduction
of < h, will suffice, while all other arguments will remain unchanged.)

Now consider IT, 1-(1) and IIi(k) from (7.21) separately. For I, 1-(1), recalling the second
relation in (6.14), one easily gets

(7.23) Pl S A
zeNi(l)

Note that ||f,{||oo;w;1 <[ lloo s, +0sc(fi;wE, ), while A4 yields H, ~ H,, ~ H.,
80 Ay = Ay = A, within w} | so

(7:24)  max{ 02 ooz, } S It looswn, + A2, osc(ff 502,).

Combining (7.24) with (7.23) and then recalling that zp € Niso C N \ Npaths, while
z1 € N, one concludes that |II1-(1)| is bounded by the right-hand side of (7.19).

To get a similar bound of type (7.19) for IIZ-(k), note that (7.21) yields
(7.25)

e (32,

k _ - . :
1S | DD O+ A 0l = 8w, | mas{min{A2 A b} o .}
zeNi(k)
where gi = 0. Next, A4 implies that h, ~ h,,, H, ~ H,, and A, ~ )\, within w} , so
the Y term in (7.25) is < (A2 + A2 Rz gl ws, - Combining this with the crucial
observation (which is explamed below) that

(7'26) ||9||1;w: ShzkHVng?W* Shzk|||g|||w*
implies that the Y term in (7.25) is < A7 (g1, we AL |||g|||w* , S0 one gets the

desired bound of type (7.19) for Hi(k). Now note that the first relation in (7.26) is due
to z € 002 and |S,, N O ~ H,,. To be more precise, we use g = 0 on 9 combined
with that every point in w}, is within a distance of $ h., from S, N 9. Note also
that, in view of (7.7), a similar argument yields H.[g:| < [l9ll;.5-05 < [IV9ll1iw:
for z € j\/i(k); the latter immediately implies that our choice gi = 0, for z € j\/i(k)
satisfies (6.14). Thus, |IIZ-(k)| is proved to be bounded by the right-hand side of (7.19).

To complete the proof of (7.19) for II;, it now remains to show that a similar bound

is satisfied by its third component I, given by (7.22). Set ¢;(§,1) := >, ¢- and
note that for all € (07, 7z, )

(7.27)

KT (n) w§(n) X w§(n) +(17)
Z/ 9. de = / gwidfzzgi(n)/ o dé — Z/ 7) b de.
2EN; (m) ry (1) 2EN; (n)

Here, the central relation defines g;(n). Now, (7.22) can be rewritten as

w3 (n)

m =5 [ ) / @) - 57) - de di
2EN; 4 ki (1)

-3 / ) (3:07) — 32) 6=

2EN;
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So a calculation yields

(7.28)
|IIi*| < Z ||§1(77) —Eiilll;wzm: f}{HOO;w: < Z min{||9||1;w;ahz|||gll w;} ||fl€||oo,w§
2€N; zeN;
S < Z /\;2“9”1 jwi +Z )‘;1”|g” w;) Hé%?{min{)\za /\th}”f}{HOO;w:} )
2€N; zeN; i ¢

where we used [|g:() — g% |1 w.n0: S [lgll1,0: (which follows from the definition of g;
and the second relation in (6.14)), and also [|g;(n) — 7% |1 ;w.ner S hzlllglllw:, for which
we combine |w.| ~ h.H, with |g. — gi| < H;'||gl||lw+ from (6.14) and another crucial
bound

(7.29) 13:(m) = g:lloe .oy S HZ llgllo:,

which we establish below. Now (7.28) gives the desired bound of type (7.19) for II}.

To obtain the assertion (7.29) (which we already employed), we need to show that
19:(n) — g=| S Hglllws for n € (nz,nF) N (nt ,n,). Recalling the definitions (7.27)
and (7.6) of, respectively, g; and g. yields, for any n € (n;, 1) N (0, ,12,),

Gt -9 [ lendes [ gloi—p.lie

+
a2

+ /Ni [g _g(gaﬁz(g))]spzdg"_gz/ [SOZ - %]d&

)

where % = (1), g = g(&,m) and [p; — =] = [pi(€,n) — @2 (€)]. (Note that the appli-
cation of (7.6) here is valid as the support of ¢, (&) satisfies (£7,65) € (k7 (n), & (1))

for the range of n under consideration; see the choice of gi for z € N;.)
Next, the definition of ¢; implies that it equals 1 on £ = k;(n) and vanishes on
¢ = Kk (n); combining this with (7.20) gives S wi(€,m)dE ~ H., and then

H.|gi(n)— 9= < ﬁz/_|g|d§+”8n9”1;@ +9;H|gz|, where )} := ||‘Pi_302||00;W§ﬂQZ .

.
Note that a version of (3.4) yields f:i lgld¢ < I,iz llglllws, while [[Opgll1wr S lllglllw:,

and we also have H,|g,| < IZ: llglllw. from (7.7), in which, by A4, [[glllw. < [lglllw:-

Combining the above, one concludes that [g;(n) — 3.| < H;l(ﬁzf—: + 1)[l|gl|w:- So

he
H,>

to which we now

to complete the proof of (7.29), it remains to show that 9% <
proceed.

First, A4 implies that the number of nodes in N := {2’ : wy NwiNQF # 0} CN;
is < 1, and hence h, ~ h, and H, ~ H, within w} N Qf. Next, (7.20) implies
that |p. — ¢.| < %= for any 2’ € N7. Hence, 9% < max.en= Vs + Z—Zz, where

H:

9, = |lg; — QOZHOO;MZQQ: < hzz, so we indeed get 95 < Ihfz The bound for ¢,, which
we used here, is easily shown by noting that ¢; — ¢, is linear on each mesh element
in the variable 7, so it suffices to check that |¢@; — .| < hzz on all edges of all mesh

elements within w, NQ}. In particular, on the edges corresponding to £ = kT (n), one

has ¢; = ¢, = 0 s0 p; — ¢, = 0. On the edges corresponding to & = k(n), one has
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pi=land 0< p;—p, =1—p, < ;}—zz, in view of (7.20). For the edges on v, \ 7.
(of length ~ H), one has ¢; = ¢, while when estimating the component I/ of I (in
section 7.2), we used 0 < ¢, — ¢, < hzz on v, \ ¥z; so again 0 < ¢; —p, S ?IZZ The
remaining edges have length ~ H, and lie on dw,, so they are on ~,: \ 7, for some
2" € N; connected to z, so combining 0 < ¢; — ¢, < hy h

~ 4= with oz — 2| S s
again yields |@, — ;| < 4=

H, — H.

S This observation completes the proof of the desired

bound for ¥% and hence the proof of (7.29). Thus, we have established (7.19) for
= 1,...,nani.

The estimation of II; for each i = nan;+ 1, ..., Mani + Ns.ani, which corresponds to

a semianisotropic path Aj;, is similar with the following modifications. First, we now

choose k; = k;; then all the bounds obtained for an anisotropic path remain valid.

However, the component I now corresponds to QF N {& > k(n)}, so II; involves an

additional component II}*° that corresponds to Q¢ := Qf N {¢ < k(n)}. To be more

precise, 1% := 3. x- [ oo fH(X2,Y2) (9-82) ¢ and I = I+ ILF 117 115
The notation for this new component is due to that all mesh elements in Qe are
isotropic. Choosing (X, (z,y),Y.(x,y)) = (z,y) in Q°, one easily gets

(7.30)

| S | Y02 +)\z1hz1)||g—9:||1;wzm;s<>] max{min{ A2, A il .}
zeN; ‘

Finally, note that all mesh elements in w, N Q5° are shape-regular of diameter ~ h,
50 121 sw.nqpe S 21621 S A=HZHgllw: S mindllgllisw:, helllglle:} (where we also
used the the second relation from (6.14)), while [|gl[; ., .o < |lgll1;w: and at the

same time [|gly . naio S he Yornw, naiose 7 l9lliir < he Ypey, llgllr. Combin-
ing these three observations with (7.30), we get the desired assertion of type (7.19)
for II;, i = nani + 1, ..., Nani + Ns.ani- This completes the proof of (7.16). a

Remark 7.10. To simplify the presentation, it was assumed in the above proof
that @,, C w,,, where @,, is chosen as in Remark 7.5. In general, using the notation of
Remark 7.5, one may also have ., C &,, with©,, = wlewzr Uwz; orw,, = w21Uwzl+.
Then a few minor adjustments need to be made in the above argument. In particular,
for z € j\/i(l) \M(k), one gets a version of (6.14) with w? := w U®,,. Hence, (7.23)
will include ||g|l.:ua., in place of ||g|l.:. Consequently, NV; in 3 . in the second
line of (7.19) will be replaced by N; U {z£} or N; U {z}.

7.7. Numerical results. We tested our estimators using the same model prob-
lem as in section 6.4. Mesh elements were marked using a version of the estimator of
Theorem 7.7 formed as £ := max{&(7.2), £7.16), £5.2)}. Here, each £ ) reflects the
right-hand side of (7.-), in which we set © = ©' = 1 (while, by Lemma 8.1 below, © +

©' < /1,). We also replace quantities of type min{1,e~*a} by the smoother —%. So,

eta”
to be more precise, &7.0) = maxTeT{maxzeN[%||JZ||OommaT]}, while £(; ) =

maxTeT{m_h’;T)%Hf,{Hoo;T} and 5{'7_16) = maXTeT{(Ef}TIT )2osc(fi;T)} form
Era6) = maX{Sé7_16),Sé'7_16)}. (Isotropic and anisotropic elements are not distin-

guished in view of hr =~ Hr for isotropic elements, and also osc(fL;T) < || ff|l7.00-)
The term 5.2y 1= maxreT H?2 was included as a rough replacement of the quadrature
error from (5.2) (and did not play any significant role in the refinement process).
In each experiment, we started with a uniform mesh of right-angled triangles of
Hr

diameter Hy = 278, 27162732 and aspect ratio L = 2. At each iteration, we
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FIG. 5. Mazximum errors for ¢ = 10~* and initial DOF varied (left) and € varied (right).

marked for refinement the mesh elements responsible for at least 5% of the overall es-
timator £, but no more than 15% of the elements. The marked elements were refined
only in the z direction using a single or triple green refinement (depending on the
orientation of the mesh element). Edge swapping was also employed to improve geo-
metric properties of the mesh or possibly reduce maxyc7{osc(ff;T)}. The iterations
continued until osc( f,{ ;T) < 4Hy for all T. In Figure 5, we plot the observed errors
lu — upl|oo .0 versus degrees of freedom (DOF) for fixed ¢ = 10~% (left) and e varied
(right). We observe that the mesh refinement yields a very dramatic error reduction
(compared with the isotropic mesh refinement [6]). While the maximum mesh aspect
ratios vary between 2 and 3.35e+7, the effectivity indices do not exceed 85 in all our
experiments. Considering these variations (and the observation made by [10]), the
estimator appears to perform reasonably well.

A more comprehensive numerical study of the proposed estimators (combined
with a more sophisticated anisotropic mesh refinement algorithm) certainly needs to
be conducted and will be presented elsewhere.

8. Green’s function interpolant. Bounds for ©® + ©’. We have proved a
number of a posteriori error estimates, but they still involve the quantities © and ©".
The purpose of this section is to bound these quantities and thus complete our a
posteriori error analysis. Throughout the paper, we used slightly different definitions
(6.3) and (7.1) for © and ©’, but whether these quantities appear in Theorem 6.3
under condition A4 or in Theorems 7.1 and 7.7, they satisfy

81) ©0+60'50:=") ()\:FlHVng;T + )\:Fz||9||1;T), Ar :=min{e, Hr}
TeT

(this is shown using (3.1)). Recall also that g = G(2,y;-) — G), with any Gj, € S.

To deal with ¢ = G — G}, in O, it is convenient to employ a quasi-interpolant
(of Clément/Scott—Zhang type) with the property |G — Gplip.r S Hgfk|G|j,p;wT for
any 0 <k <j<2,1<p< o0; see [6] for the case of shape-regular triangulations.
However, such interpolants are not readily available for general anisotropic meshes.
(We refer the reader to [1, Chapter 3] for a discussion of Scott—Zhang-type interpo-
lation on anisotropic tensor-product meshes.) Because of this difficulty, we employ a
less standard interpolant GG, which gives a version of the Lagrange interpolant when-
ever Hp < e and vanishes whenever Hp 2 . However, this construction requires
additional mild assumptions on the triangulation; see Remark 8.2 below.

For any point (2/,y") € Q, let Wiy = War OF Wigryr) = Wsr OF W(gryr) = W1
if, respectively, (z/,y’) = 2’ for some 2’ € N, or (z/,y') € S’ for some S’ € S, or
(2, y') € T’ for some T' € T. Here, the standard notation w,, wg, and wr is used for
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the patch of elements touching any z € A/, S € S, and T € T, respectively. Also, let

(8.2) h(z/,y/) = TCmin hT, Eh,(z’,y’) = 111(2 + E_lh(mcy/)).
Y@l
Clearly, for any (z/,y) € Q, one has Iy, > h 80 £y, (37,,) < £p = In(2 + e~ 1h).
The next lemma also uses the notation distq(-,-) for the distance understood as
the infimum path length measured in the interior of 2 (so distq = dist if §2 is convex).
LEMMA 8.1. Let Ty :={T : Hr > c1e} and Tz := {T : Hy < coe} for arbitrary
fized constants 0 < ¢1 < cg. There exists Gy, € Sy such that 6 from (8.1) satisfies

é SJ éh,(w’,y’)

if T ="Ti, or T =Ta, or, otherwise, distq(T1 \ T2, T2\ T1) 2 €.

Remark 8.2. The condition distq(7; \ 72, 72 \ 7T1) 2 € in Lemma 8.1 essentially
requires that Hp does not switch too abruptly between Hp < cie and Hp > co¢,
and, roughly speaking, the transition regions {c1e < Hr < coe} have an internal
width 2 e.

Proof. Throughout this proof, (z,y") remains fixed, so we write G for G(z,y’;-),
h for Iy, and £}, for £y, (o,. We start by showing that

(8.3) CIESED (/\;1||VG||1;T+/\;2||G|
TeT

m) <1

Indeed, T' € T; implies A\ ~ ¢, so ©; <
(4.3) yields the desired bound (8.3). 3
Next, we construct a Lagrange-type interpolant G! of G such that

e[[VG||1;0 + ||G|l1 ;0. Combining this with

(84)  Ox:=e Y (WIVE - Dl + 272G = G llr ) S
TeT:

Note that here T € 75 implies Ay ~ Hyp. Let G = min{G, e 2¢c3 ¢} } for some
cs > 0 be a continuous approximation of G and then G' be the standard piecewise-
linear Lagrange interpolant of G. Assuming Cy ~ 1, note the upper bound G <
Go = e72(2m) " Ko(\/Cyr/e), where r = [(z — 2)? + (y — ¥)?]/2, and K is the
modified Bessel function of the second kind of order zero [6]. (Unless Cy > 1, one
has €2 > 1 so a similar Gy := ¢7%(2m) " In(r~'diam ) can be used.) Recalling that
Ko(s) SIn(2+ s71) for s > 0, one concludes that there is a sufficiently large c3 such
that {r > h} C {Go < e 2¢34}}, and so Q\B(z,y' ; h) € {G = G} independently of
or h. Now let T5* := {T € T2 : TN B(z',y' ; h) = 0}, and ©} be defined as O3 in (8.4)

only with 75 replacing 7. As G = G for any T € T, so G! = G', so

032 3" (Hp'IV(G = GDllir + Hp? G = G l1ir) S &21Glai oy
TETy

where we used [1, Corollary 2.1]. Combining this with (4.4c) yields ©3 < £}.
To deal with T2\ 7o' ={T € T2 : TN B(z,y ; h) # 0}, note that (8.2) implies

(8.5) B2,y s h) C wigry,s TNB,y;h)#0 = T C B(2,y' ;2Hr).

Here, the first observation is straightforward, while the second observation is due to
TNB((z,y');h) # 0 implying that (i) T is within the distance of & from (2/,y") and
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(ii) T' C w(aryy (also using the first observation) so i = Ay, < hr < Hr. Now,

& - 0322 > (Hp'IV(G =Gl + Hp? |G = G ur).
TeT\TS

For G, combining (8.5) with (4.4a), (4.4b) yields e2(H; ' |VG|1 .7+ H: (|Gl 1) < £y,
where p = 2H7 so ¢, < (). A similar bound for G! follows from £2|C~¥I| < cgl}, and
e2|VG!| < ¢34, hy' combined with |T| =~ hpHyr. As (8.5) also implies that the
number of T € T3\ 75" is ~ 1, s0 O3 — O3 < ;. As ©3 < ¢}, the bound (8.4) follows.

Now, in view of (8.3) and (8.4), it T = 71 or T = Tz, the choice G, =0 € S,
or G, = G! € Sy, respectively, yields the statement of the lemma. We proceed to
the remaining case distq (71 \ 75, 72 \ 71) = € and set Gj, := (u/G)! € S), where
u! is the piecewise-linear Lagrange interpolant of a weight function p that we now
define. For any point (z,y) € Q, set the weight p:=0in 73 \ T2, p:= 1 in Tz \ T1,
w=min{ 1; distq((z,y), 71 \ T2)/dista(T1 \ T2, T2 \ T1) } for (z,y) € 71 N T2. Note
that p is continuous, and furthermore, for its Lagrange interpolant j!, triangle-type
inequalities yield ||Vu! |0 < 1/disto(T1 \ T2, T2\ T1) Set.

Next, split g = G — G, in (8.1) as g = (1 — )G + [u'G — (' G)"] and note that
1—pu!=0in 7\ 71, while uf =0in 7\ 7T2. Consequently © < O + 64, where O
is defined as ©; in (8.3), only with (1 — u!)G replacing G, while O} is defined as O,
in (8.4), only with /G — (1! G)! replacing G — G!. Imitating the argument used to
estimate ©1, one gets O} < ¢||V{(1 — u!)G}|1.0 + (1 — p1)G|l1.0 < 1. Similarly,
imitating the argument used to estimate ©2, one gets 5 < ¢;,. In particular, for a
version of ©3, one has ©5" < 2|1 Glo 1,0\ Bary i) S €21G 2,150\ By im) +EIG1,1:0;
so combining this with (4.4c) and (4.3) yields ©4"" < ¢}, Also, ©f —©4"" is estimated
similarly to ©,—03; in particular, we use e2(H; | V(! G) |1 .7+ H7 2| 1! Gl .r) S 4,
for which we additionally note that e H7'||G|1,r < \/0}, in view of (4.4a) and (4.3).
Combining the above observations yields the desired bound ©® <0+ 05 </¢,. O

9. Conclusion. The main results of the paper, Theorems 6.3, 7.1, and 7.7, give
a number a posteriori error estimates in the maximum norm on general anisotropic
meshes. To be more precise, the error is represented as (up —u) (2, y') = I+ I+ Equad,
where the quadrature error Equaq is bounded by (5.2), while the above three theorems
give bounds for the jump residual component I and the interior residual component II.
The latter bounds acquire meaning when they are combined with © + 0" < £} (4741
(which is given by Lemma 8.1).
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