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Abstract

The numerical solution of a linear singularly-perturbed reaction-diffusion two-point boundary
value problem is considered. The method used is adaptive movement of a fixed number of mesh
points by monitor-function equidistribution. A partly heuristic argument based on truncation
error analysis leads to several suitable monitor functions, but also shows that the standard
arc-length monitor function is unsuitable for this problem. Numerical results are provided to
demonstrate the effectiveness of our preferred monitor function.

1 Introduction

We consider the linear reaction-diffusion two-point boundary value problem

Lu = −ε2u′′(x) + b(x)u(x) = f(x) for x ∈ (0, 1), u(0) = u(1) = 0. (1.1)

where b, f ∈ C4[0, 1] and 0 < β < b(x) ≤ b̄ on [0, 1].

When ε is small, the solution u of (1.1) typically exhibits boundary layers at both ends of the
interval [0, 1]. Thus the problem is singularly perturbed. As a consequence, standard numerical
methods for (1.1) may yield inaccurate results. Special numerical methods for (1.1) whose conver-
gence behaviour is uniform in the parameter ε have been discussed in the literature — see, e.g.,
[16, 17, 19]. While special methods give satisfactory numerical results for (1.1), nevertheless some
care is needed in extending them to more general situations such as a system of reaction-diffusion
two-point boundary value problems [13, 15]. For this reason there is great current interest in the
use of adaptive numerical methods for singularly perturbed differential equations in general, as such
methods are intrinsically more general in their nature. Thus the aim of the present paper is to
discuss and analyse an adaptive numerical method for (1.1).

Our adaptive method uses grid equidistribution of a monitor function combined with a standard
difference scheme. Grid equidistribution has already been applied to convection-diffusion problems
by several researchers (e.g., [3, 9, 12, 14]), where the arc-length of the computed solution and other
monitor functions are considered. While equidistribution of the arc-length is intuitively a reasonable
way of controlling an adaptive algorithm, nevertheless for reaction-diffusion problems such as (1.1)
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it may yield a solution that is much less accurate than that generated by the equidistribution
of an alternative measure of the computed solution; compare Tables 5.1 and 5.2 below. Our
new analysis throws light on why the arc-length monitor function is unsuitable for (1.1) — see
Remark 4.3 — and also enables us to design new monitor functions that yield accurate solutions
of (1.1). This illustrates the fact that the form of the monitor function and the order of discrete
derivatives used should depend on the order of convergence expected from the adaptive numerical
method and is largely independent of the type of singularly perturbed problem (convection-diffusion
or reaction-diffusion). This observation has not been clearly elucidated in previously published
papers, although for example the connection between the order of discrete derivative and the order
of convergence was recognized implicitly in the first-order and second-order a posteriori analysis of
convection-diffusion problems of [8]. Thus the arc-length monitor function is suitable for first-order
convergent methods (as seen in [9]) but will not yield second-order convergence.

The structure of our paper is as follows: some facts about the solution u of (1.1) and stability
bounds for the computed solution uN (on an arbitrary mesh) are listed in §2, then in §3 a truncation
error analysis yields bounds on the error u−uN in terms of the mesh spacing. These bounds are used
in §4 to provide strong heuristic evidence for the choice of monitor function to be equidistributed
in an adaptive algorithm. This section also shows that the arc-length monitor function is an
unsatisfactory choice for (1.1). Numerical results using an adaptive algorithm are given in §5 to
show that the rate of convergence predicted by our analysis holds true in practice for our preferred
monitor function. Furthermore, this algorithm can easily be applied to semilinear analogues of
(1.1); see §5.3 for an example.

Notation. Throughout the paper, C denotes a generic positive constant that is independent of
ε and of the mesh. It may take different values in different places. When C is subscripted, it is a
fixed constant that is independent of ε and of the mesh. The notation K is used to denote a generic
quantity that depends on the mesh but is bounded by a fixed constant for all meshes. It may take
different values in different places.

2 Preliminary results

The differential operator L satisfies a maximum principle since b(·) > 0. Hence (1.1) has a unique
solution u. Furthermore, an easy extension of [16, Chapter 6, Lemma 1] gives the following bounds
for the derivatives of u.

Lemma 2.1. Let i be a positive integer. Let f(x), b(x) ∈ C4[0, 1] and let u be the solution of (1.1).
Then for 0 ≤ k ≤ 4 and for all x ∈ [0, 1],

|u(k)(x)| ≤ C[1 + ε−ke(x, β)]

where e(x, β) = e−
√

βx/ε + e−
√

β(1−x)/ε.

For our numerical method we consider arbitrary meshes {x0, x1, . . . , xN} with 0 = x0 < x1 <
· · · < xN = 1, where N , the discretization parameter, is a positive integer. For i = 1, . . . , N , let
hi = xi − xi−1 be the local mesh size and set h̄i = (hi + hi+1)/2 for each i.

Given a mesh function v = {vi}N
0 , define the discrete difference operators

D−vi = (vi − vi−1)/hi, Dvi = (vi+1 − vi)/h̄i and δ2vi = DD−vi.
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The computed solution uN = {uN
i }N

i=0 is required to satisfy the standard finite difference discretiza-
tion of (1.1):

LNuN
i := −ε2δ2uN

i + biu
N
i = fi for i = 1, . . . , N − 1, uN

0 = uN
N = 0, (2.1)

where bi = b(xi) and fi = f(xi). Then LN satisfies a discrete maximum principle and it follows
that (2.1) has a unique solution uN .

For mesh functions {vi}, the following mesh-dependent norms will be used:

‖v‖∞ := maxi |vi|, |v|1,∞ := maxi |D−vi|, ‖v‖1,∞;ε2 := ε2|v|1,∞ + ‖v‖−1,∞,

‖v‖−1,∞ := min
C∈R

max
i=1,...,N−1

∣∣∣∣
N−1∑

j=i

vj h̄j − C

∣∣∣∣.

In fact it can be shown [1] that

‖v‖−1,∞ =
1
2

(
min

i

∣∣∣∣
N−1∑

j=i

vj h̄j

∣∣∣∣ + max
i

∣∣∣∣
N−1∑

j=i

vj h̄j

∣∣∣∣
)

. (2.2)

We now list some stability properties of the discretization (2.1). First, the discrete maximum
principle implies the standard stability result

‖uN‖∞ ≤ ‖f‖∞/β. (2.3)

Recall that b ∈ C4[0, 1]. This implies that
∑N

i=1 hi|D−bi| ≤ C1 and
∑N

i=1 hi|D−(1/bi)| ≤ C2 for
some constants C1 and C2. The second inequality in the next bound is a stability result, whose
sharpness is shown by the first inequality.

Lemma 2.2. [1, Theorem 3.1] The solution uN of (2.1) satisfies

C3‖f‖−1,∞ ≤ ‖uN‖1,∞;ε2 ≤ C4‖f‖−1,∞,

where C3 = (b̄ + C1 + 2)−1, C4 = 3C2 + 5/β.

The next Lemma will enable us to interpolate between the bounds on |uN |1,∞ and ‖uN‖−1,∞
that are implicit in Lemma 2.2.

Lemma 2.3. [1, Lemma 2.4] Let {vi} be an arbitrary mesh function such that v0 = vN = 0. Let
µ > 0 be fixed. Then

‖v‖∞ ≤ 2
(
µ|v|1,∞ + µ−1‖v‖−1,∞

)

Taking µ = ε in Lemma 2.3 and combining this inequality with Lemma 2.2, we get

Theorem 2.1. [1, Theorem 3.2] The computed solution satisfies the stability inequality

‖uN‖∞ ≤ 2C4ε
−1‖f‖−1,∞.
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3 Truncation error

In this section we begin by imitating the incisive truncation error analysis that Tihonov and
Samarskii [24] (see also [11]) used to prove the supraconvergence of central difference schemes
on nonuniform meshes. This is combined with the stability results of §2 to produce in Corollary
3.1 an error estimate suitable for our needs.

Let ei = uN
i − u(xi), for i = 0, . . . , N , denote the error at xi in the computed solution. Then

LNei = ri for i = 1, . . . , N − 1, e0 = eN = 0,

where ri := fi − LNui is the truncation error at xi. Set xi−1/2 = (xi−1 + xi)/2 for each i.

Lemma 3.1. For i = 1, . . . , N − 1,

ri = (ε/6)D
(
εh2

i u
′′′(ηi)

)
+ Kε2h̄2

i u
(4)(ξi), (3.1)

where ηi ∈ (xi−1, xi) and ξi ∈ (xi−1/2, xi+1/2).

Proof. For each i,

ri = (Lu)i − LNui = ε2(δ2ui − u′′i ) = ε2D(D−ui − u′i−1/2) + ε2(Du′i−1/2 − u′′i ), (3.2)

where u′′i = u′′(xi) and u′i−1/2 = u′(xi−1/2), while Du′i−1/2 = (u′i+1/2 − u′i−1/2)/h̄i. For the first
term here we have

D−ui − u′i−1/2 = (h2
i /24)u′′′(η̂i), (3.3)

where η̂i ∈ (xi−1, xi). Introducing the notation w := u′ and using Taylor series expansions, we can
rewrite the second term in (3.2) as

Du′i−1/2 − u′′i = Dwi−1/2 − w′i = (hi+1 − hi)w′′i /4 + Kh̄2
i w

′′′(ξ̂i),

where ξ̂i ∈ (xi−1/2, xi+1/2). But hi+1 − hi = (h2
i+1 − h2

i )/(2h̄i) and

w′′i = w′′i+1/2 − (hi+1/2)w′′′(ξ+
i ), w′′i = w′′i−1/2 + (hi/2)w′′′(ξ−i ),

where ξ±i ∈ (xi−1/2, xi+1/2). Hence for some ξi ∈ (xi−1/2, xi+1/2),

Du′i−1/2 − u′′i = (h2
i+1w

′′
i+1/2 − h2

i w
′′
i−1/2)/(8h̄i) + Kh̄2

i w
′′′(ξi)

= (1/8)D(h2
i w

′′
i−1/2) + Kh̄2

i w
′′′(ξi)

= (1/8)D(h2
i u
′′′
i−1/2) + Kh̄2

i u
(4)(ξi).

Combining this with (3.2) and (3.3), for some ηi ∈ (xi−1, xi) we get

ri = ε2D
(
h2

i u
′′′(η̂i)/24

)
+ ε2D(h2

i u
′′′
i−1/2/8) + Kε2h̄2

i u
(4)(ξi)

= (ε/6)D
(
εh2

i u
′′′(ηi)

)
+ Kε2h̄2

i u
(4)(ξi).

This completes the proof.

Theorem 3.1. There exists a constant C such that

‖e‖∞ ≤ C
{

max
i

max
x∈[xi−1,xi]

εh2
i |u′′′(x)|+ max

i
max

x∈[xi−1/2,xi+1/2]
h̄2

i

[
1 + |(bu)′′(x)|]

}
. (3.4)
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Proof. The discrete solution uN can be written as a sum of two mesh functions, where each
corresponds to one of the terms in (3.1). Applying Theorem 2.1 to the first and (2.3) to the second
of these functions, we see that

‖e‖∞ ≤ C
{

max
i

max
x∈[xi−1,xi]

εh2
i |u′′′(x)|+ max

i
max

x∈[xi−1/2,xi+1/2]
ε2h̄2

i |u(4)(x)|
}

.

Differentiating (1.1) yields ε2u(4) = (bu)′′ − f ′′, and the desired result follows.

In fact one can rewrite (3.4) in terms of lower-order derivatives:

Corollary 3.1. There exists a constant C such that

‖e‖∞ ≤ C
{

max
i

max
x∈[xi−1,xi]

h2
i

[
1 + |u′′(x)|] + max

i
max

x∈[xi−1/2,xi+1/2]
h̄2

i

[
1 + |(bu)′′(x)|]

}
. (3.5)

Proof. Set b0 =
√

b(0) and b1 =
√

b(1). A standard asymptotic analysis shows that the solution
u(x) of (1.1) can be written as

u(x) =
f(x)
b(x)

− f(0)
b(0)

e−b0x/ε +
f(0)b′(0)
4b2(0)

(
b0x

ε
+ x

)
e−b0x/ε (3.6)

−f(1)
b(1)

e−b1(1−x)/ε +
f(1)b′(1)
4b2(1)

(
b1(1− x)

ε
+ 1− x

)
e−b1(1−x)/ε + ε2R(x),

where R(0) and R(1) are exponentially small and

LR(x) = g(x, ε), (3.7)

with

g(x, ε) = −
(

f

b

)′′
(x) +

(x

ε

)2
[
−b′′(η1)

2
+

f(0)b′(0)b′(η2)
4b2(0)

(
b0x

ε
+ 1

)]
e−b0x/ε

+
(

1− x

ε

)2 [
−b′′(η3)

2
+

f(1)b′(1)b′(η4)
4b2(1)

(
b1(1− x)

ε
+ 1

)]
e−b1(1−x)/ε,

and η1(x), η2(x) ∈ (0, x) while η3(x), η4(x) ∈ (1−x, 1). These assertions can be verified by applying
L to the right-hand side of (3.6) and writing down Taylor expansions of b(x)− b(0).

It is easy to see that |g(x, ε)| ≤ C for 0 ≤ x ≤ 1 and 0 < ε ≤ 1. By [17, Lemmas 2.2 and 2.3],

|R(i)(x)| ≤ Cε−i for 0 ≤ x ≤ 1 and i = 0, 1.

It then follows from (3.7) and differentiating (3.7) that

|R(i)(x)| ≤ Cε−i for 0 ≤ x ≤ 1 and i = 2, 3. (3.8)

We claim that for some constant C,

ε|u′′′(x)| ≤ C(1 + |u′′(x)|) for 0 ≤ x ≤ 1. (3.9)

Suppose that 0 ≤ x ≤ 1/2; the case 1/2 ≤ x ≤ 1 is similar. If f(0) = 0, then differentiating (3.6)
three times and invoking (3.8), we have ε|u′′′(x)| ≤ C. Thus suppose that f(0) 6= 0. Differentiating
(3.6) twice, one sees that there exists a constant x∗ ∈ (0, 1/2] such that |u′′(x)| ≥ C ′ε−2e−b0x/ε for
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0 ≤ x ≤ x∗ and some positive constant C ′. Differentiating (3.6) three times and invoking (3.8),
since x∗ is fixed it follows that

ε|u′′′(x)| ≤
{

C(1 + ε−2e−b0x/ε) if 0 ≤ x ≤ x∗,
C if x∗ ≤ x ≤ 1/2.

Hence inequality (3.9) holds true.

This inequality, max{h2
i , h

2
i+1} ≤ 4h̄2

i , and Theorem 3.1 yield (3.5).

The proof of (3.9) can easily be modified to yield

Corollary 3.2. There exists a constant C such that

ε1/2|u′′′(x)|1/2 ≤ C
[
1 + |u′′′(x)|1/3

]
for 0 ≤ x ≤ 1.

4 Monitor functions

Monitor functions are used by many authors (see, e.g., [4, 5, 6, 7, 9, 12, 18, 19]) to drive adaptive
algorithms that produce layer-resolving meshes in solving differential equations. We first give a
general description of this methodology, then use the theoretical results of §3 to choose monitor
functions that are appropriate for (1.1).

A monitor function M(x) is an arbitrary non-negative function defined on Ω. A mesh {xi} is
said to equidistribute M(·) if

∫ xi

xi−1

M(x) dx =
1
N

∫ 1

0
M(x) dx for i = 1, . . . , N. (4.1)

Adaptive algorithms based on M aim to construct a mesh that equidistributes M . This is done
by computing a solution {uN

i } on the current mesh, forming an approximation (e.g., a piecewise
constant function) M̃(·) of M(·) on this mesh, then choosing new mesh points that equidistribute
M̃ on [0,1].

Thus the equidistribution problem is to find {(xi, u
N
i )}, with the {uN

i } computed from the {xi}
by means of (2.1), such that

hiM̃i =
1
N

N∑

j=1

hjM̃j for i = 1, 2, . . . , N. (4.2)

It is significant here that both the {xi} and {uN
i } are a priori unknown. Consequently, even though

(1.1) is linear, the equidistribution problem requires the simultaneous solution of (2.1) and (4.2)
and so is nonlinear.

For fixed N , the accuracy of a solution computed on an equidistributing mesh depends strongly
on the choice of M(·). When an upwinded finite difference scheme is used to solve a convection-
diffusion analogue of (1.1), one should use the arc-length monitor function M(x) =

√
1 + (u′(x))2,

as is shown in [9], which is based on the a posteriori bound of [8, Theorem 3.2]. Here the choice of
monitor function is guided by the order of accuracy of the numerical method — upwinding is first-
order — and not by the type of singular perturbation problem (convection-diffusion). As solutions
of reaction-diffusion problem have layers not dissimilar to those encountered in convection-diffusion
problems, one might expect that the same arc-length monitor function would be suitable for (1.1),
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but this will yield at best a first-order method. We shall use a difference scheme that is known to
be (almost) second-order accurate on e.g. Shishkin/Bakhvalov meshes, and to reap the full benefit
of this scheme one must use a fundamentally different monitor function that is based on discrete
second-order derivatives of the computed solution.

A rigorous theoretical proof that a given monitor function will yield a satisfactory numerical
method for (1.1) is extremely complicated — see the analysis in [9] for the convection-diffusion
case. Thus we confine ourselves here to a more heuristic argument based on the a priori bounds of
Theorem 3.1 and Corollary 3.1. (A posteriori bounds such as those of [8] are needed for a rigorous
argument.) To be precise, we make the reasonable assumption that the following discrete analogues
of (3.4) and (3.5) hold true and give sharp bounds on the error in the computed solution:

‖e‖∞ ≤ C max
i

[
h̄2

i

(
1 + |δ2(biu

N
i )|) + h2

i ε|δ3uN
i |

]
(4.3)

and

‖e‖∞ ≤ C max
i

h̄2
i

[
1 +

|δ2uN
i |+ |δ2(biu

N
i )|

2

]
, (4.4)

where δ3uN
i = D−δ2uN

i . In theory one could of course replace the denominator 2 in (4.4) by 1.

Thus to make the error ‖e‖∞ as small as possible, one should aim to construct a mesh that
minimizes the right-hand side of (4.3) or (4.4). Let’s consider (4.4) first. On our optimal mesh the
sum

h̄2
i

[
1 +

|δ2uN
i |+ |δ2(biu

N
i )|

2

]
(4.5)

will be approximately independent of i, as otherwise one would adjust the mesh to decrease the
right-hand side of (4.4). (This resembles the construction of Bakhvalov’s mesh [2], where the
truncation error is approximately the same at all nodes.) One may regard this as requiring

h2
i

[
1 +

|δ2uN
i−1|1/2 + |δ2(bi−1u

N
i−1)|1/2 + |δ2uN

i |1/2 + |δ2(biu
N
i )|1/2

4

]2

(4.6)

to be approximately independent of i.

To achieve (4.6) in the context of monitor functions, for each i associate with xi the value

Mi = 1 +
|δ2uN

i |1/2 + |δ2(buN )i|1/2

2λ
, where λ := max

i
|uN

i |1/2. (4.7)

The magnitude of uN should not affect the suitability of the monitor function, so it is natural to
normalize by λ. Define the piecewise constant M̃i = (Mi−1 +Mi)/2 on the interval [xi−1, xi]. Thus
on an equidistributing mesh, for all i and j we have hiM̃i = hjM̃j , so h2

i M̃
2
i = h2

jM̃
2
j , which agrees

with the conclusion above that the sum in (4.5) should be essentially independent of i. The scaling
of (4.7), where a square root is taken compared with (4.4), is chosen so that the first term there is
independent of the mesh. Furthermore, with this scaling,

∑N
j=1 hjM̃j ≈

∫ 1
0 M(x) dx neither blows

up nor approaches zero when ε → 0 (Lemma 2.1 shows that the layer component of
∫ 1
0 |u′′(x)|r dx

has this property only when r = 1/2).

Remark 4.1. Many equivalent monitor functions Mi follow from (4.4), and in (4.7) we have
chosen the most easily implemented one. In particular the denominator 2 could be replaced by any
positive constant of moderate size.
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Similarly, (4.3) leads to the choice of monitor function

Mi = 1 +
ε1/2|δ3uN

i |1/2 + |δ2(buN )i|1/2

λ
. (4.8)

The monitor function (4.8) corresponds to M(x) = 1+ε1/2|u′′′(x)|1/2 + |u′′(x)|1/2. Corollary 3.2
states that ε1/2|u′′′(x)|1/2 ≤ C

[
1 + |u′′′(x)|1/3

]
, and Lemma 2.1 yields |u′′′(x)| ≤ C[1 + ε−3e(x, β)].

Thus the explicit reference to ε1/2 can be removed, while maintaining the scaling requirement that
the corresponding term in

∫ 1
0 M(x) dx tends neither to zero nor infinity as ε → 0, by replacing

ε1/2|u′′′(x)|1/2 by |u′′′(x)|1/3. That is, instead of (4.8), one can try

Mi = 1 +
|δ3uN

i |1/3 + |δ2(buN )i|1/2

λ
. (4.9)

The presence of the constant 1 in all these monitor functions, which follows naturally from our
truncation error analysis, prevents “mesh starvation” (i.e., too coarse a mesh) on any subinterval
of [0,1] where u′′ ≈ 0.

Remark 4.2. Beckett and Mackenzie [3, 4] consider the discrete monitor function

Mi = α(m) + |δ2wi|1/m, (4.10)

where α(m) = O(ε(m−2)/m), wi = ui − f(xi)/b(xi) and m ≥ 2 is a user-chosen parameter. When
m = 2 this monitor function resembles (4.7), but the motivation for the choice of (4.10) in [3, 4]
is unclear.

Remark 4.3. (The arc-length monitor function) For constant b(·), one can express ‖e‖∞ in terms
of first-order derivatives by imitating the argument of Corollary 3.1 and invoking the inequality
ε|u′′(x)| ≤ C(1 + |u′(x)|), obtaining

‖e‖∞ ≤ C max
i

max
x∈[xi−1,xi+1]

h̄2
i

[
1 + ε−1|u′(x)|]. (4.11)

To justify the use of the arc-length monitor function one would need an inequality of the form

‖e‖∞ ≤ C max
i

max
x∈[xi−1,xi+1]

h̄2
i

[
1 + |u′(x)|2]. (4.12)

But (4.11) is weaker than (4.12): near x = 0 we expect that |u′(x)| ≈ Cε−1e−
√

b(0)x/ε, so |u′(x)|2 ≈
C2ε−2e−2

√
b(0)x/ε, which decays more rapidly than ε−1|u′(x)|. Thus one would not expect the arc-

length monitor function to yield satisfactory numerical results.

5 Numerical results

In §5.1 we descibe a grid generation method based on the equidistribution of the monitor function
(4.7). Numerical experiments are presented in §5.2 for a linear problem; we demonstrate that
the arc-length monitor function is inappropriate for this problem since more accurate and robust
results can be obtained using the monitor function (4.7). Information about the behaviour of the
iterative procedure and the distribution of the generated meshes is included. Finally, in §5.3 we
give numerical results for a semilinear problem.

Numerical results for (4.8) and (4.9) are similar to those for (4.7) and are not reproduced here.
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5.1 Mesh generation algorithm

In order to compute the equidistributed mesh and corresponding solution, a variant of the algorithm
of [9, § 2] is used. For the monitor function (4.7) we proceed as follows:

1. Let {x(0)}N
i=0 be an initial uniform mesh with N intervals. Choose a constant γ? > 1 that

controls when the algorithm terminates.

2. For a given mesh {x(k)} and computed solution u(k)(x), set

M̃
(k)
i =

M
(k)
i−1 + M

(k)
i

2
for i = 1, . . . N, (5.1)

where M
(k)
i is the value of the monitor function computed at the ith interior node of the

current mesh, and set M
(k)
0 = M

(k)
1 and M

(k)
N = M

(k)
N−1.

3. Set h
(k)
i = x

(k)
i − x

(k)
i−1 for each i and set L0 = 0 and Li =

∑i
j=1 h

(k)
j M̃

(k)
j for i = 1, . . . , N .

Define

γ(k) :=
N

LN
max

i=0,...,N
h

(k)
i M̃

(k)
i .

4. Set Yi = iLN/N for i = 0, . . . , N . Interpolate (see Remark 5.1) to the points (Li, xi).
Generate the new mesh {x(k+1)} by evaluating this interpolant at the Yi for i = 0, . . . , N .

5. If γ(k) ≤ γ?, then take {x(k+1)} as the final mesh and compute u(k+1)(x). Otherwise return
to Step 2.

Remark 5.1. In [9] piecewise linears are used for the interpolation in Step 4 of the algorithm. The
numerical experiments below use instead piecewise cubic Hermite interpolation; this yields meshes
that are more smoothly graded and the algorithm then takes fewer iterations to converge.

A key observation of [9] is the realization that it is unnecessary to solve (4.2) exactly; instead,
it is sufficient that on the final mesh one has

hiM̃i ≤ 2
N

N∑

j=1

hjM̃j for i = 1, 2, . . . , N.

This is equivalent to taking γ? = 2 in our algorithm. Except where we state otherwise, we shall
take γ? = 2 throughout Section 5. Choosing γ? closer to 1 means that the computed solution on
our final mesh comes closer to solving (4.2), but a decrease in γ? can greatly increase the number
of algorithm iterations while producing only a slight improvement in the accuracy of the computed
solution. This is demonstrated in Figures 5.2 and 5.3 below.

5.2 Example 1: a linear problem

The first test problem follows [17, 21] by taking (1.1) with

b(x) =
4
(
1 + ε(1 + x)

)

(1 + x)4
, (5.2a)
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and

f(x) =
−4

(1 + x)4

[(
1 + ε(1 + x) + 4π2ε2

)
cos(2πt)−

2πε2(1 + x) sin(2πt) + 3
(
1 + ε(1 + x)

) e−1/ε

1− e−1/ε

]
, (5.2b)

where t = 2x/(x + 1). The boundary conditions are

u(0) = 2, u(1) = −1. (5.2c)

The solution to this problem is

u(x) = − cos(2πt) +
3(e−t/ε − e−1/ε)

1− e1/ε
,

and it exhibits a boundary layer near x = 0.

Recalling that uN is the solution of the discrete problem (2.1), we compute the errors

EN
ε := max

i
|u(xi)− uN

i |,

where the xi are the points in the final mesh generated by the algorithm of §5.1. For each N ,
we shall compute EN := maxε EN

ε over a wide range of values of ε. This is an indicator of the
robustness of the algorithm as ε varies. Rates of convergence are computed in the usual way:

ρN
ε := ln

(
EN

ε /E2N
ε

)
/ ln 2.

First, consider an implementation of the arc-length monitor function similar to that used for
convection-diffusion problems in [8, 9, 20]. Instead of (4.7), take M

(k)
i = 1 + |D−uN

i |. Since D−uN
i

is an approximation for u′(x) at the mid-point of xi−1 and xi, replace (5.1) by

M̃
(k)
i = 1 + |D−uN

i | for each i. (5.3)

Table 5.1 displays the errors and the rates of convergence for the computed solutions. The errors
are erratic and large relative to those given later for (4.7). In Figure 5.1 we compute EN

ε for ε2 =
1, 2−1, 2−2, . . . , 2−32 and give a log-log plot of EN

ε as a function of ε for each of N = 27, 28, . . . , 214.
For any fixed N there is a noticeable increase in the error as ε decreases, except in the evidently
unsatisfactory situation where all mesh points fall outside the boundary layer (this happens when
ε is very small relative to N−1).

Next, in Table 5.2, the errors in the computed solutions for the monitor function (4.7) are
displayed. They are much smaller than those of Table 5.1 and for any fixed N do not vary sig-
nificantly with ε. Some variation in the results is to be expected since we do not require that the
equidistribution problem (4.2) be solved exactly. The rates of convergence ρN

ε are given and show
that the method is second order.

Table 5.2 also lists the number of iterations k required by the algorithm. We observe that k is
clearly proportional to [ln(1/ε)]/ ln N when ε is small relative to N ; when ε is not small relative
to N , a simple equidistant mesh is adequate for computing an accurate solution so adaptivity is
unnecessary and the dependence of k on ε and N is consequently unimportant.

In Figure 5.2 we show the errors EN
ε when ε2 = 1, 2−1, 2−2, . . . , 2−32. Each continuous line

represents the errors computed for fixed N and γ? = 2. The dashed lines are computed with
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ε2 N = 26 N = 27 N = 28 N = 29 N = 210 N = 211 N = 212

1 3.43e-3 2.93e-3 7.83e-4 2.13e-4 5.43e-5 1.36e-5 3.42e-6
ρN

ε 0.23 1.90 1.88 1.97 1.99 2.00
1e-01 9.25e-3 2.91e-3 8.16e-4 2.12e-4 5.34e-5 1.34e-5 3.35e-6
ρN

ε 1.67 1.83 1.95 1.99 2.00 2.00
1e-02 1.23e-2 5.72e-3 1.57e-3 4.76e-4 1.28e-4 3.27e-5 8.21e-6
ρN

ε 1.10 1.86 1.72 1.89 1.97 1.99
1e-04 4.17e-2 4.69e-3 3.76e-3 2.74e-3 1.06e-3 3.22e-4 8.46e-5
ρN

ε 3.15 0.32 0.46 1.37 1.72 1.93
1e-08 5.23e-3 1.29e-2 1.52e-2 4.35e-3 4.30e-3 2.24e-3 9.34e-4
ρN

ε -1.30 -0.24 1.81 0.02 0.94 1.26
1e-16 5.53e-2 5.69e-4 1.33e-2 4.36e-3 6.71e-3 2.63e-4 6.90e-4
ρN

ε 6.60 -4.55 1.61 -0.62 4.67 -1.39
EN 5.53e-2 1.29e-2 1.52e-2 4.36e-3 6.71e-3 2.24e-3 9.34e-4

Table 5.1: Errors and rates of convergence using arc-length monitor function (5.3)

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

10
−6

10
−4

10
−2

N=27

N=28

N=29

N=210

N=211

N=212

N=213

N=214

ε

 E
ε

Figure 5.1: Errors in uN when using arc-length monitor function (5.3) to solve (5.2)

γ? = 1.1. In contrast to Figure 5.1 the error is roughly constant as ε decreases. Although the errors
are more uniform for the smaller value of γ?, the improvement is insignificant.

The dependence of the mesh on the choice of γ? is further demonstrated in Figure 5.3, where
we show how a mesh with N = 32 intervals evolves through successive iterations of the algorithm.
The right-hand part of this figure is a blow-up of the left-hand part near x = 0. The value of γ(k)

is shown for each iteration; from this one can deduce the precise iteration at which a particular
choice of γ? would have caused the algorithm to terminate.

The mesh-generating function for the final mesh computed by the algorithm is given in Figure 5.4
for the case ε2 = 10−8 and N = 64, as are the mesh-generating functions for the corresponding
Shishkin [16, Chapter 6] and Bakhvalov meshes (see, e.g., [10, §3.4.1]). It is evident that inside
the boundary layer, the final computed mesh strongly resembles a Bakhvalov (but not a Shishkin)
mesh. The distribution of the error |u(xi) − xN

i | as a function of the mesh index i is shown in
Figure 5.5 for these three meshes.
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N = 26 N = 27 N = 28

ε2 EN
ε ρN

ε k k ln N
ln 1/ε EN

ε ρN
ε k k ln N

ln 1/ε EN
ε ρN

ε k k ln N
ln 1/ε

1 1.81e-3 1.99 1 4.54e-4 1.60 1 1.50e-4 1.95 1
1e-01 2.60e-3 1.78 1 3.6 7.56e-4 1.96 1 4.2 1.95e-4 1.95 1 4.8
1e-02 2.56e-3 2.12 1 1.8 5.87e-4 1.82 1 2.1 1.66e-4 1.99 1 2.4
1e-04 1.05e-3 2.01 2 1.8 2.61e-4 2.00 1 1.1 6.52e-5 2.00 1 1.2
1e-08 1.56e-3 1.93 4 1.8 4.09e-4 1.99 2 1.1 1.03e-4 2.10 2 1.2
1e-16 1.49e-3 2.04 9 2.0 3.64e-4 2.00 6 1.6 9.09e-5 2.03 5 1.5
EN 2.60e-3 7.56e-4 1.95e-4

N = 29 N = 210 N = 211

ε2 EN
ε ρN

ε k k ln N
ln 1/ε EN

ε ρN
ε k k ln N

ln 1/ε EN
ε ρN

ε k k ln N
ln 1/ε

1 3.87e-5 1.98 1 9.84e-6 1.97 1 2.52e-6 1.92 1
1e-01 5.04e-5 1.95 1 5.4 1.30e-5 1.98 1 6.0 3.29e-6 1.98 1 6.6
1e-02 4.16e-5 2.01 1 2.7 1.04e-5 2.00 1 3.0 2.59e-6 2.00 1 3.3
1e-04 1.63e-5 2.00 1 1.4 4.07e-6 2.00 1 1.5 1.02e-6 2.00 1 1.7
1e-08 2.40e-5 2.17 2 1.4 5.33e-6 2.04 2 1.5 1.29e-6 2.00 2 1.7
1e-16 2.23e-5 2.01 5 1.7 5.53e-6 1.95 4 1.5 1.43e-6 2.01 4 1.7
EN 5.04e-5 1.30e-5 3.29e-6

Table 5.2: Errors in uN applying monitor function (4.7) to problem (5.2) with γ? = 2
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Figure 5.2: As in Table 5.2, but for γ? = 2 (continuous line) and γ? = 1.1 (dashed line)

5.3 A nonlinear problem

To demonstrate that our monitor function and algorithm can be successfully applied in a nonlinear
setting, consider the reaction-diffusion problem

−εu′′ + p(x, u) = 0, u(0) = u(1) = 0. (5.4)

Sun and Stynes [23] used a Shishkin mesh to solve this problem, with certain hypotheses on p(·, ·)
that permitted (5.4) to have multiple solutions. They showed that their numerical method was
almost second-order convergent. More recently, the numerical solution of (5.4) on Shishkin and
Bakhvalov meshes was studied in [10].

The numerical test problem in [10, 23] is

ε2u′′ − (u2 + u− 0.75)(u2 + u− 3.75) = 0, u(0) = 0, u(0) = 0. (5.5)
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Figure 5.3: Evolution of the mesh when applying (4.7) to (5.2) with ε2 = 10−8, N = 32
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Figure 5.4: Mesh-generating functions for adapted and a priori meshes; ε2 = 10−8 and N = 64.
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Figure 5.5: Error in uN as a function of the mesh index i, with ε2 = 10−8 and N = 64.
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It has two solutions that are stable in the sense of [23]. We now apply the equidistribution approach
to compute an approximation to the stable solution u that, away from the boundary, satisfies
u ≈ −1.5.

The true solution is unknown so we take as our reference solution U(x), the piecewise linear
interpolant to the numerical solution to (5.5) computed on a Bakhvalov mesh with N = 216 intervals.
See [10, §3.4.1] for details of how to construct this mesh. The error in each computed solution is
then

EN
ε := max

i
|U(xi)− uN

i |.

Table 5.3 gives the results obtained using the monitor function (4.7), where the expression
|δ2(bu)i)|1/2 is replaced by |δ2p(xi, ui)|1/2. The method is quite successful: for larger values of N ,
the errors are robust with respect to ε, and the convergence rates are close to 2.

N = 26 N = 27 N = 28 N = 29 N = 210 N = 211

ε2 EN
ε k EN

ε k EN
ε k EN

ε k EN
ε k EN

ε k
1 1.09e-5 0 2.72e-6 0 6.81e-7 0 1.70e-7 0 4.26e-8 0 1.07e-8 0

ρN
ε 2.00 2.00 2.00 2.00 1.99 1.96

1e-01 4.20e-4 1 1.03e-4 1 2.54e-5 1 6.33e-6 1 1.58e-6 1 3.97e-7 1
ρN

ε 2.03 2.02 2.01 2.00 2.00 1.99
1e-02 7.11e-4 1 1.93e-4 1 4.79e-5 1 1.19e-5 1 2.98e-6 1 7.49e-7 1
ρN

ε 1.88 2.01 2.01 1.99 1.99 1.99
1e-04 9.25e-4 2 2.23e-4 2 5.53e-5 1 1.40e-5 1 3.50e-6 1 8.77e-7 1
ρN

ε 2.05 2.01 1.98 2.00 1.99 1.99
1e-08 8.57e-4 4 2.26e-4 4 5.69e-5 3 1.42e-5 3 3.60e-6 3 8.94e-7 3
ρN

ε 1.92 1.99 2.01 1.98 2.01 1.99
1e-16 9.44e-4 13 2.18e-4 6 5.65e-5 6 1.42e-5 5 3.59e-6 4 8.94e-7 4
ρN

ε 2.11 1.95 2.00 1.98 2.01 1.99

Table 5.3: Errors and rates of convergence for approximations to (5.5) using (4.7)

6 Conclusions

Numerical experiments show that each of the monitor functions (4.7), (4.8) and (4.9) can be suc-
cessfully applied to a variety of singularly perturbed reaction-diffusion problems. Among these
monitor functions, as (4.7) is the easiest to implement, we recommend it as the best choice for
reaction-diffusion problems in general.

Acknowledgement. We are grateful to John Mackenzie for several useful comments on an earlier
version of this paper.
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