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GREEN’S FUNCTION ESTIMATES FOR A SINGULARLY
PERTURBED CONVECTION-DIFFUSION PROBLEM

IN THREE DIMENSIONS

SEBASTIAN FRANZ AND NATALIA KOPTEVA

Abstract. A linear singularly perturbed convection-diffusion problem with

characteristic layers is considered in three dimensions. Sharp bounds for the

associated Green’s function and its first- and second-order derivatives are estab-

lished in the L1 norm by employing the parametrix method. The dependence

of these bounds on the small perturbation parameter is shown explicitly. The

obtained estimates will be used in a forthcoming numerical analysis of the con-

sidered problem to derive a robust a posteriori error estimator in the maximum

norm.
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1. Introduction

Consider the following problem posed in the domain Ω = (0, 1)3:

Lxu(x) = −ε ∆xu(x)− ∂x1(a(x) u(x)) + b(x)u(x) = f(x) for x ∈ Ω,(1.1a)

u(x) = 0 for x ∈ ∂Ω.(1.1b)

Here ε is a small positive parameter, and we assume that the coefficients a and b
are sufficiently smooth (e.g., a, b ∈ C∞(Ω̄)). We also assume, for some positive
constant α, that

a(x) ≥ α > 0, b(x)− ∂x1a(x) ≥ 0 for all x ∈ Ω̄.(1.2)

Under these assumptions, (1.1a) is a singularly perturbed elliptic equation, also
referred to as a convection-dominated convection-diffusion equation. Its solutions
typically exhibits sharp interior and boundary layers.

The Green’s function for the convection-diffusion problem (1.1) exhibits a strong
anisotropic structure, which is demonstrated by Figure 1. This reflects the com-
plexity of solutions of this problem; it should be noted that problems of this type
require an intricate asymptotic analysis [10, Section IV.1], [11]; see also [19, Chap-
ter IV], [18, Chapter III.1] and [12,13]. We also refer the reader to Dörfler [3], who,
for a similar problem, gives extensive a priori solution estimates.

Our interest in considering the Green’s function of problem (1.1) and estimat-
ing its derivatives is motivated by the numerical analysis of this computationally
challenging problem. More specifically, we shall use the obtained estimates in the
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Figure 1. Anisotropy of the Green’s function G associated with
(1.1) for ε = 0.01 and x = ( 1

5 , 1
2 , 1

3 ). Left: isosurfaces at values of
1, 4, 8, 16, 32, 64, 128, and 256. Right: a two-dimensional graph
for fixed ξ3 = x3.

forthcoming paper [5] to derive robust a posteriori error bounds for computed solu-
tions of this problem using finite-difference methods. (This approach is related to
recent articles [2,15], which address the numerical solution of singularly perturbed
equations of reaction-diffusion type.) More specifically, the basic idea is to rewrite
the continuous residual of the computed solution uN in the form

Lx[uN − u] =
3∑

i=1

∂xiFi + f̄ ,

and then use stability properties of the differential operator, that follow from certain
sharp bounds of the Green’s function, to obtain a bound on the error ‖uN − u‖∞ ;Ω.
Here the computed solution uN is understood as a continuous function (if necessary,
an interpolation of the discrete numerical solution has to be used). For more details,
we refer the reader to Section 6. In a more general numerical-analysis context, we
note that sharp estimates for continuous Green’s functions (or their generalised
versions) frequently play a crucial role in a priori and a posteriori error analyses
[4, 9, 17].

The purpose of the present paper is to establish sharp bounds for the derivatives
of the Green’s function in the L1 norm (as they will be used to estimate the error
in the computed solution in the dual L∞ norm [5]). Our estimates will be uniform
in the small perturbation parameter ε in the sense that any dependence on ε will
be shown explicitly. Note also that our estimates will be sharp (in the sense of
Theorem 2.2) up to an ε-independent constant multiplier. We employ the anal-
ysis technique used in [7], which we now extend to a three-dimensional problem.
Roughly speaking, we freeze the coefficients and estimate the corresponding explicit
frozen-coefficient Green’s function, and then we investigate the difference between
the original and the frozen-coefficient Green’s functions. This procedure is often
called the parametrix method. To make this paper more readable, we deliberately
follow some of the notation and presentation of [7], while some proofs that involve
much computation and resemble the ones in [7] have been placed in a separate
technical report [6].

The paper is structured as follows. In Section 2, the Green’s function associated
with problem (1.1) is defined and upper bounds for its derivatives are stated in
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Theorem 2.1, the main result of the paper. The corresponding lower bounds are
then given in Theorem 2.2. In Section 3, we obtain and estimate the fundamental
solution for a constant-coefficient version of (1.1) in the domain Ω = R3. This
fundamental solution is then used in Section 4 to construct certain approximations
of the frozen-coefficient Green’s functions for the domains Ω = (0, 1) × R2 and
Ω = (0, 1)3. The difference between these approximations and the original variable-
coefficient Green’s function is estimated in Section 5, which completes the proof
of Theorem 2.1. Finally, in Section 6 we present certain stability properties of
our differential operator that follow from the obtained Green’s function estimates,
and furthermore, discuss applications of these properties in deriving a robust a-
posteriori error estimator for a finite difference method.

Notation. Throughout the paper, C, as well as c, denotes a generic positive con-
stant that may take different values in different formulas, but is independent of the
small diffusion coefficient ε. A subscripted C (e.g., C1) denotes a positive constant
that takes a fixed value, and is also independent of ε. The usual Sobolev spaces
Wm,p(D) and Lp(D) on any measurable domain D ⊂ R3 are used. The Lp(D)
norm is denoted by ‖·‖p ;D while the Wm,p(D) norm is denoted by ‖·‖m,p ;D. By
x = (x1, x2, x3) we denote an element in R3. For an open ball centred at x′ of ra-
dius ρ, we employ the notation B(x′, ρ) = {x ∈ R3 :

∑
k=1,2,3(xk−x′k)2 < ρ2}. The

notation ∂xmf , ∂2
xm

f and ∆x is used for the first- and second-order partial deriva-
tives of a function f in variable xm, and the Laplacian in variable x, respectively,
while ∂2

xkxm
f will denote a mixed derivative of f .

2. Green’s Function: Definition and Main Result

Let G = G(x; ξ) be the Green’s function associated with (1.1). For each fixed
x ∈ Ω, it satisfies

L∗ξG(x; ξ) := −ε∆ξG + a(ξ) ∂ξ1G + b(ξ) G = δ(x− ξ) for ξ ∈ Ω,(2.1a)

G(x; ξ) = 0 for ξ ∈ ∂Ω.(2.1b)

Here L∗ξ is the adjoint differential operator to Lx, and δ(·) is the three-dimensional
Dirac δ-distribution. The unique solution u of (1.1) allows the representation

u(x) =
∫∫∫

Ω

G(x; ξ) f(ξ) dξ .(2.2)

It should be noted that the Green’s function G also satisfies, for each fixed ξ ∈ Ω,

LxG(x; ξ) = −ε ∆xG− ∂x1(a(x) G) + b(x)G = δ(x− ξ) for x ∈ Ω,(2.3a)

G(x; ξ) = 0 for x ∈ ∂Ω.(2.3b)

Consequently, the unique solution v of the adjoint problem

L∗xv(x) = −ε ∆xv + b(x) ∂x1v + c(x) v = f(x) for x ∈ Ω,(2.4a)

v(x) = 0 for x ∈ ∂Ω,(2.4b)

is given by

v(ξ) =
∫∫∫

Ω

G(x; ξ) f(x) dx .(2.5)

We now state the main result of the paper.
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Theorem 2.1. The Green’s function G associated with (1.1), (1.2) in the unit cube
Ω = (0, 1)3 satisfies, for all x ∈ Ω, the following bounds

‖∂ξ1G(x; ·)‖1;Ω ≤ C(1 + | ln ε|),(2.6a)

‖∂ξk
G(x; ·)‖1;Ω ≤ Cε−1/2, k = 2, 3.(2.6b)

Furthermore, for any ball B(x′, ρ) of radius ρ centred at any x′ ∈ Ω̄, we have

‖G(x; ·)‖1,1;B(x′,ρ) ≤ Cε−1ρ,(2.6c)

while for the ball B(x, ρ) of radius ρ centred at x we have

‖∂2
ξ1

G(x; ·)‖1;Ω\B(x,ρ) ≤ Cε−1 ln(2 + ε/ρ),(2.6d)

‖∂2
ξk

G(x; ·)‖1;Ω\B(x,ρ) ≤ Cε−1(| ln ε|+ ln(2 + ε/ρ)), k = 2, 3.(2.6e)

Here C is some positive ε-independent constant.

Note that the bound of the streamline derivative (2.6a) is smaller than the bound
of the cross-wind derivatives (2.6b).

Furthermore, we note that the upper estimates of Theorem 2.1 are sharp in the
following sense.

Theorem 2.2 ( [8]). Let ε ∈ (0, c0] for some sufficiently small positive c0. Set
a(x) := α and b(x) := 0 in (1.1). Then the Green’s function G associated with
this problem in the unit cube Ω = (0, 1)3 satisfies, for all x ∈ [ 14 , 3

4 ]3, the following
lower bounds:

‖∂ξ1G(x; ·)‖1;Ω ≥ c | ln ε|,(2.7a)

‖∂ξk
G(x; ·)‖1;Ω ≥ c ε−1/2, k = 2, 3.(2.7b)

Furthermore, for any ball B(x; ρ) of radius ρ ≤ 1
8 , we have

‖G(x; ·)‖1,1;Ω∩B(x;ρ) ≥
{

c ρ/ε, for ρ ≤ 2ε,

c (ρ/ε)1/2, otherwise,
(2.7c)

‖∂2
ξ1

G(x; ·)‖1;Ω\B(x;ρ) ≥ c ε−1 ln(2 + ε/ρ), for ρ ≤ c1ε,(2.7d)

‖∂2
ξk

G(x; ·)‖1;Ω\B(x;ρ) ≥ c ε−1(ln(2 + ε/ρ) + | ln ε|) for ρ ≤ 1
8 , k = 2, 3.(2.7e)

Here c and c1 are ε-independent positive constants.

The rest of the paper is devoted to the proof of Theorem 2.1, and also to a
brief discussion of its applications. We have placed some proofs that involve much
computation and resemble the ones in [7] in a separate technical report [6].

3. Fundamental Solution in the Constant-Coefficient Case

In our analysis, we invoke the observation that constant-coefficient versions of
the two problems (2.1) and (2.3) that we have for G, can be easily solved explicitly
when posed in R3. So in this section we shall explicitly solve simplifications of
(2.1) and (2.3). To get these simplifications, we employ the parametrix method
and so freeze the coefficients in these problems by replacing a(ξ) by a(x) in (2.1),
and replacing a(x) by a(ξ) in (2.3), and also setting b := 0; the frozen-coefficient
versions of the operators L∗ξ and Lx will be denoted by L̄∗ξ and L̃x, respectively.
Furthermore, we extend the resulting equations to R3 and denote their solutions
by ḡ and g̃. So we get, for each fixed x ∈ R3:

L̄∗ξ ḡ(x; ξ) = −ε∆ξḡ(x; ξ) + a(x) ∂ξ1 ḡ(x; ξ) = δ(x− ξ) for ξ ∈ R3,(3.1)
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and similarly, for each fixed ξ ∈ R3:

L̃x g̃(x; ξ) = −ε∆xg̃(x; ξ)− a(ξ) ∂x1 g̃(x; ξ) = δ(x− ξ) for x ∈ R3.(3.2)

As x appears in (3.1) as a parameter, so the coefficient a(x) in this equation is
considered constant and we can solve the problem explicitly. Setting q = 1

2a(x) for
fixed x ∈ (0, 1)3 and ḡ(x; ξ) = V (x; ξ) eqξ1/ε (see, e.g., [11]), one gets

−ε2∆ξV + q2V = ε e−qξ1/ε δ(x− ξ) = ε e−qx1/ε δ(x− ξ).

As the fundamental solution for the operator −ε2∆ξ+q2 is 1
4πε2

e−qr/ε

r (see, e.g., [20,
Chapter VII]), so

V (x; ξ) = εe−x1q/ε 1
4πε2

e−rq/ε

r
where r =

√
(x1 − ξ1)2 + (x2 − ξ2)2 + (x3 − ξ3)2.

Finally, for the solution of (3.1) we get

ḡ(x; ξ) =
1

4πε2

eq(ξ1−x1−r)/ε

r
, where q = q(x) = 1

2a(x).

A similar argument yields the solution of (3.2):

g̃(x; ξ) =
1

4πε2

eq(ξ1−x1−r)/ε

r
, where q = q(ξ) = 1

2a(ξ).

Let

ξ̂1,[x1] = (ξ1 − x1)/ε, ξ̂2 = (ξ2 − x2)/ε, ξ̂3 = (ξ3 − x3)/ε,

r̂[x1] =
√

ξ̂2
1,[x1]

+ ξ̂2
2 + ξ̂2

3 .

As we shall need bounds for both ḡ and g̃, it is convenient to represent them via a
more general function

g = g(x; ξ; q) :=
1

4πε2

eq(ξ̂1,[x1]−r̂[x1])

r̂[x1]
(3.3)

as

ḡ(x; ξ) = g(x; ξ; q)
∣∣∣
q=

1
2a(x)

, g̃(x; ξ) = g(x; ξ; q)
∣∣∣
q=

1
2a(ξ)

(3.4)

We use the subindex [x1] in ξ̂1,[x1] and r̂[x1] to highlight their dependence on x1 as
in many places x1 will take different values; but when there is no ambiguity, we
shall sometimes simply write ξ̂1 and r̂.

Remark 3.1. Note that the solution ḡ of (3.1) is not the fundamental solution
for the operator L̄∗ξ. Indeed, denoting the latter by Γ = Γ(x; ξ; s), one has the
equation L̄∗ξΓ(x; ξ; s) = δ(s− ξ). So imitating the above calculation for ḡ, one gets
Γ(x; ξ; s) = g(s; ξ; q)

∣∣
q= 1

2 a(x)
(compare with (3.4)). Similarly, the solution g̃ of

(3.2) is not the fundamental solution for the operator L̃x.

We now proceed to estimation of the derivatives of the generalised fundamental
solution g = g(x; ξ; q). A calculation shows that the first-order derivatives are given
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by

∂ξ1g =
1

4πε3
r̂−2

[
q(r̂ − ξ̂1)− ξ̂1

r̂

]
eq(ξ̂1−r̂),(3.5a)

∂ξk
g = − 1

4πε3

(
qr̂ + 1

) ξ̂k

r̂3
eq(ξ̂1−r̂), k = 2, 3,(3.5b)

∂qg =
1

4πε2

ξ̂1 − r̂

r̂
eq(ξ̂1−r̂).(3.5c)

Here we used ∂ξj r̂ = ε−1ξ̂j/r̂ for j = 1, 2, 3. In a similar manner, but also using
∂ξi(ξ̂j/r̂) = −ε−1ξ̂iξ̂j/r̂3 with i 6= j, one gets second-order derivatives

∂2
ξ1ξk

g =
1

4πε4

ξ̂k

r̂3

[
q2(ξ̂1 − r̂) + q

3ξ̂1 − r̂

r̂
+ 3

ξ̂1

r̂2

]
eq(ξ̂1−r̂), k = 2, 3(3.6a)

∂2
ξ1qg =

1
4πε3

r̂−2
[
−q(ξ̂1 − r̂)2 +

r̂2 − ξ̂2
1

r̂

]
eq(ξ̂1−r̂),(3.6b)

∂2
ξk

g =
1

4πε4
r̂−3

[
q2ξ̂2

k + (qr̂ + 1)
3ξ̂2

k − r̂2

r̂2

]
eq(ξ̂1−r̂), k = 2, 3.(3.6c)

Finally, combining ∂2
ξ1

g = −∂2
ξ2

g − ∂2
ξ3

g + 2q
ε ∂ξ1g with (3.5a) and (3.6c) yields

∂2
ξ1

g =
1

4πε4
r̂−3

[
q2

(
r̂ − ξ̂1

)2 − q
(
r̂ − ξ̂1

)(
1 + 3

ξ̂1

r̂

)
+

3ξ̂2
1 − r̂2

r̂2

]
eq(ξ̂1−r̂).(3.6d)

Note that partial derivatives of g in variable q are needed to deal with the variable-
coefficient case; their estimates can be found in the technical report [6].

Remark 3.2. To compare the analysis that follows with with the two-dimensional
analysis of [7], note that in two dimensions, solutions ḡ and g̃ of problems (3.1)
and (3.2) are also given by (3.4), but, instead of (3.3), the fundamental solution g
is given by

g = gR2(x; ξ; q) :=
1

2πε
eqξ̂1,[x1] K0(qr̂[x1]) for x, ξ ∈ R2.

Here K0(·) is the modified Bessel function of the second kind of order zero. Then,
for example, one gets ∂ξ1g = q

2πε2 eqξ̂1
[
K0(qr̂) − ξ̂1

r̂ K1(qr̂)
]

for the first derivative
in the streamline direction, where we also used the modified Bessel function K1(·)
of the second kind of order one. So in two dimensions, a certain difficulty lies in
having to deal with the Bessel functions, for which one can simply employ asymp-
totic expansions [1]. Note also that in three dimensions, there are two cross-wind
directions ξ2 and ξ3, but the partial derivatives in these directions are similar and
so will be bounded in a similar way.

We now show that the generalised fundamental solution g satisfies the bounds
of Theorem 2.1.

Lemma 3.3. Let x ∈ [−1, 1] × R2 and 0 < 1
2α ≤ q ≤ C. Then for the function

g = g(x; ξ; q) of (3.3) we have the following bounds

‖g(x; ·; q)‖1 ;Ω ≤ C,(3.7a)

‖∂ξ1g(x; ·; q)‖1 ;Ω ≤ C(1 + | ln ε|),(3.7b)

‖∂ξk
g(x; ·; q)‖1 ;Ω ≤ C ε−1/2, k = 2, 3,(3.7c)
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and for any ball B(x′; ρ) of radius ρ centred at any x′ ∈ [0, 1]× R2, we have

‖g(x; ·; q)‖1,1 ;Ω∩B(x′;ρ) ≤ Cε−1ρ,(3.7d)

while for the ball B(x; ρ) of radius ρ centred at x, we have

‖∂2
ξ1

g(x; ·; q)‖1 ;Ω\B(x;ρ) ≤ Cε−1 ln(2 + ε/ρ),(3.7e)

‖∂2
ξk

g(x; ·; q)‖1 ;Ω\B(x;ρ) ≤ Cε−1(ln(2 + ε/ρ) + | ln ε|), k = 2, 3.(3.7f)

Proof. Throughout this proof, whenever k appears in any relation, it will be un-
derstood to be valid for k = 2, 3 (as all the bounds in (3.7) that involve k, are given
for both k = 2, 3).

To estimate the derivatives of g, note that dξ = ε3dξ̂, where ξ̂ ∈ Ω̂ := ε−1(−x1, 1−
x1)× R2 ⊂ (−∞, 2/ε)× R2. Consider the two sub-domains

Ω̂1 :=
{

ξ̂1 < 1 + 1
2 r̂

}
, Ω̂2 :=

{
max{ 1, 1

2 r̂ } < ξ̂1 < 2/ε
}
.

As Ω̂ ⊂ Ω̂1∪ Ω̂2 for any x1 ∈ [−1, 1], it is convenient to consider integrals over these
two sub-domains separately.

(i) Consider ξ̂ ∈ Ω̂1. Then ξ̂1 ≤ 1 + 1
2 r̂, so one gets

ε3
[
ε−1|g|+ |∂ξ1g|+ |∂ξk

g|] ≤ C r̂−2 (1 + r̂) eq(ξ̂1−r̂) ≤ C r̂−2 e−qr̂/4,(3.8)

where we combined eqξ̂1 ≤ eq(1+r̂/2) with (1+ r̂) ≤ Ceqr̂/4. This immediately yields∫∫∫

Ω̂1

[
ε−1|g|+ |∂ξ1g|+ |∂ξk

g|] (
ε3dξ̂

) ≤ C

∫ ∞

0

e−qr̂/4 dr̂ ≤ C.(3.9)

Similarly,

ε3
[|∂2

ξ1
g|+ |∂2

ξk
g|] ≤ Cε−1 r̂−3 (1 + r̂2) eq(ξ̂1−r̂) ≤ Cε−1 r̂−2 (r̂−1 + r̂) e−qr̂/2,

so ∫∫∫

Ω̂1\B(0;ρ̂)

[|∂2
ξ1

g|+ |∂2
ξk

g|] (
ε3dξ̂

) ≤ Cε−1

∫ ∞

ρ̂

(r̂−1 + r̂) e−qr̂/2 dr̂(3.10)

≤ Cε−1 ln(2 + ρ̂−1).

Furthermore, for an arbitrary ball B̂ρ̂ of radius ρ̂ in the coordinates ξ̂, we get
∫∫∫

Ω̂1∩B̂ρ̂

[|g|+ |∂ξ1g|+ |∂ξk
g|] (

ε3dξ̂
) ≤ C

∫ ρ̂

0

e−qr̂/4 dr̂ ≤ C min{ρ̂, 1}.(3.11)

(ii) Next consider ξ̂ ∈ Ω̂2. In this sub-domain, it is convenient to rewrite the
integrals in terms of (ξ̂1, t2, t3), where

tk := ξ̂
−1/2
1 ξ̂k, ⇒ ξ̂

−1/2
1 dξ̂k = dtk, r̂ − ξ̂1 =

ξ̂2
2 + ξ̂2

3

r̂ + ξ̂1

≤ t22 + t23 =: t2.(3.12)

Note that ξ̂1 ≤ r̂ ≤ 2 ξ̂1 in Ω̂2 so r̂ − ξ̂1 = (ξ̂2
2 + ξ̂2

3)/(r̂ + ξ̂1) ≥ c0t
2, where c0 := 1

3 .
Consequently e−q(r̂−ξ̂1) ≤ e−qc0t2 or

e−q(r̂−ξ̂1) ≤ C r̂ Q, where Q := ξ̂−1
1 e−qc0t2 ,(3.13)

and ∫∫

R2
(1 + t + t2 + t3 + t4)Q dξ̂2 dξ̂3(3.14)

=
∫∫

R2
(1 + t + t2 + t3 + t4) e−qc0t2 dt2 dt3 ≤ C.
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Using (3.5),(3.6) and (3.12) it is straightforward to prove the following bounds for
g and its derivatives in Ω̂2

ε3|g| ≤ C ε Q,(3.15a)

ε3|∂ξk
g| ≤ C ξ̂

−1/2
1 t Q,(3.15b)

ε3|∂2
ξk

g| ≤ C ε−1 ξ̂−1
1 (1 + t2) Q,(3.15c)

and also

ε3|∂ξ1g| ≤ C ξ̂−1
1 (1 + t2) Q,(3.15d)

ε3|∂2
ξ1

g| ≤ C ε−1 ξ̂−2
1 (1 + t2 + t4)Q.(3.15e)

Combining the obtained estimates (3.15) with (3.14) yields
∫∫∫

Ω̂2

[|g|+ ε1/2|∂ξk
g|+ |∂2

ξ1
g|] (

ε3dξ̂
) ≤ C

∫ 2/ε

1

[ε + ε1/2ξ̂
−1/2
1 ] dξ̂1 ≤ C.(3.16)

Similarly, combining (3.15c) and (3.15d) with (3.14) yields
∫∫∫

Ω̂2

[|∂ξ1g|+ ε|∂2
ξk

g|] (
ε3dξ̂

) ≤ C

∫ 2/ε

1

ξ̂−1
1 dξ̂1 ≤ C(1 + | ln ε|).(3.17)

Furthermore, by (3.15b), and (3.15d) for an arbitrary ball B̂ρ̂ of radius ρ̂ in the
coordinates ξ̂, we get

∫∫∫

Ω̂2∩B̂ρ̂

(|g|+ |∂ξ1g|+ |∂ξk
g|) (

ε3dξ̂
) ≤ C

∫ 1+ρ̂

1

[
ε + ξ̂−1

1 + ξ̂
−1/2
1

]
dξ̂1(3.18)

≤ Cρ̂.

To complete the proof, we now recall that Ω̂ ⊂ Ω̂1 ∪ Ω̂2 and combine estimates
(3.9) and (3.10) (that involve integration over Ω̂1) with (3.16) and (3.17), which
yields the desired bounds (3.7a)-(3.7c) and (3.7e), (3.7f). To get the latter two
bounds we also used the observation that the ball B(x; ρ) of radius ρ in the coor-
dinates ξ becomes the ball B(0; ρ̂) of radius ρ̂ = ε−1ρ in the coordinates ξ̂. The
remaining assertion (3.7d) is obtained by combining (3.11) with (3.18) and noting
that an arbitrary ball B(x′; ρ) of radius ρ in the coordinates ξ becomes a ball B̂ρ̂

of radius ρ̂ = ε−1ρ in the coordinates ξ̂. ¤

Our next result shows that for x1 ≥ 1, one gets stronger bounds for g and its
derivatives. These bounds involve the weight function

λ := e2q(x1−1)/ε.(3.19)

and show that, although λ is exponentially large in ε, this is compensated by the
smallness of g and its derivatives.

Lemma 3.4. Let x ∈ [1, 3] × R2 and 0 < 1
2α ≤ q ≤ C. Then for the function

g = g(x; ξ; q) of (3.3) and the weight λ of (3.19), one has the following bounds

‖(λg)(x; ·; q)‖1 ;Ω ≤ Cε,(3.20a)

‖(λ∂ξ1g)(x; ·; q)‖1 ;Ω + ‖(λ∂ξk
g)(x; ·; q)‖1 ;Ω ≤ C, k = 2, 3,(3.20b)

and for any ball B(x′; ρ) of radius ρ centred at any x′ ∈ [0, 1]× R2, one has

‖(λ g)(x; ·; q)‖1,1 ;Ω∩B(x′;ρ) ≤ Cε−1ρ,(3.20c)
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while for the ball B(x; ρ) of radius ρ centred at x and k = 2, 3, one has

‖(λ∂2
ξ1

g)(x; ·; q)‖1 ;Ω\B(x,ρ) + ‖(λ∂2
ξk

g)(x; ·; q)‖1 ;Ω\B(x,ρ) ≤ Cε−1 ln(2 + ε/ρ).
(3.20d)

Finally, for some positive constant c1 one has

‖λg(x; ·)‖2,1 ;[0 1
3 ]×R2 ≤ Ce−c1α/ε.(3.21)

Proof. Throughout this proof, whenever k appears in any relation, it will be un-
derstood to be valid for k = 2, 3 (as all the bounds in (3.20), that involve k, are
given for both k = 2, 3).

We shall use the notation A = A(x1) := (x1 − 1)/ε ≥ 0. Then (3.19) becomes
λ = e2qA. We partially imitate the proof of Lemma 3.3. Again dξ = ε3 dξ̂, but now
ξ̂ ∈ Ω̂ = ε−1(−x1, 1− x1)× R2 ⊂ (−3/ε,−A)× R2. So ξ̂1 < −A ≤ 0 immediately
yields

λ eqξ̂1 = e2q(A−|ξ̂1|) eq|ξ̂1| ≤ eq|ξ̂1|.(3.22)

Consider the sub-domains

Ω̂′1 :=
{ |ξ̂1| < 1 + 1

2 r̂, ξ̂1 < −A
}
,

Ω̂′2 :=
{ |ξ̂1| > max{1, 1

2 r̂}, −3/ε < ξ̂1 < −A
}
.

As Ω̂ ⊂ Ω̂′1 ∪ Ω̂′2 for any x1 ∈ [1, 3], we estimate integrals over these two domains
separately.

(i) Let ξ̂ ∈ Ω̂′1. Then |ξ̂1| ≤ 1 + 1
2 r̂ so, by (3.22), one has λ eqξ̂1 ≤ eq(1+r̂/2). The

first inequality in (3.8) remains valid, but now we combine it with

λ eq(ξ̂1−r̂) (1 + r̂) ≤ C e−qr̂/4(3.23)

(which is obtained similarly to the final line in (3.8)). This leads to a version of
(3.9) that involves the weight λ:∫∫∫

Ω̂′1

λ
[
ε−1|g|+ |∂ξ1g|+ |∂ξk

g|] (
ε3dξ̂

) ≤ C.(3.24)

In a similar manner, we obtain versions of estimates (3.10) and (3.11), that also
involve the weight λ:

∫∫∫

Ω̂′1\B(0;ρ̂)

λ |∂2
ξk

g| (ε3dξ̂
) ≤ Cε−1 ln(2 + ρ̂−1),(3.25)

∫∫∫

Ω̂′1∩B̂ρ̂

λ
[|g|+ |∂ξ1g|+ |∂ξk

g|] (
ε3dξ̂

) ≤ C min{ρ̂, 1},(3.26)

where B̂ρ̂ is an arbitrary ball of radius ρ̂ in the coordinates ξ̂.
(ii) Now consider ξ̂ ∈ Ω̂′2. In this sub-domain (similarly to Ω̂2 in the proof of

Lemma 3.3) one has |ξ̂1| ≤ r̂ ≤ 2|ξ̂1| and c0t
2 ≤ r̂−|ξ̂1| ≤ t2, where tk := |ξ̂1|−1/2 ξ̂k

and t2 := t22 + t23, (compare with (3.12)). We also introduce a new barrier Q

Q := λ−1 e2q(A−|ξ̂1|) {|ξ̂1|−1 e−qc0t2
} ⇒ e−q(r̂−ξ̂1) ≤ C r̂ Q,(3.27)

(compare with (3.13); to get the bound for e−q(r̂−ξ̂1) we used (3.22)).
With the new definition (3.27) of Q, the bounds (3.15a)–(3.15c) remain valid in

Ω̂′2 only with ξ̂1 replaced by |ξ̂1|. Note that the bound (3.15d) is not valid in Ω̂′2,
(as it was obtained using r̂ − ξ̂1 ≤ t2, which is not the case for ξ̂1 < 0). Instead,
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using r̂ ≥ |ξ̂1| ≥ 1 and r̂ ≤ 2|ξ̂1|, we prove, directly from (3.5) the following bound
in Ω̂′2:

ε3|∂ξ1g| ≤ C Q.(3.28)

Next, note that (3.14) is valid with Q replaced by the multiplier
{|ξ̂1|−1 e−qc0t2

}
from the current definition (3.27) of Q. Combining this observation with the bounds
(3.15a)–(3.15c) and (3.28), and also with r̂ ≤ 2|ξ̂1|, yields

∫∫∫

Ω̂′2

λ
[
ε−1|g|+ |∂ξ1g|+ |∂ξk

g|+ ε|∂2
ξk

g|] (
ε3dξ̂

)
(3.29)

≤ C

∫ −max{A,1}

−3/ε

[
1 + |ξ̂1|−1/2 + |ξ̂1|−1

]
e2q(A−|ξ̂1|) dξ̂1 ≤ C.

Furthermore, by (3.15b), and (3.28), for an arbitrary ball B̂ρ̂ of radius ρ̂ in the
coordinates ξ̂, we get

∫∫∫

Ω̂′2∩B̂ρ̂

λ [|g|+ |∂ξ1g|+ |∂ξk
g|] (ε3dξ̂

)
(3.30)

≤ C

∫ −max{A,1}

−max{A,1}−ρ̂

[
1 + |ξ̂1|−1/2

]
e2q(A−|ξ̂1|)dξ̂1 ≤ Cρ̂.

To complete the proof of (3.20), we now recall that Ω̂ ⊂ Ω̂′1 ∪ Ω̂′2 and combine
estimates (3.24), (3.25) (that involve integration over Ω̂′1) with (3.29), which yields
the desired bounds (3.20a)–(3.20b) and the bounds for ∂2

ξ2
g and ∂2

ξ3
g in (3.20d).

To get the latter two bounds we also used the observation that the ball B(x; ρ) of
radius ρ in the coordinates ξ becomes the ball B(0; ρ̂) of radius ρ̂ = ε−1ρ in the
coordinates ξ̂. The bound for ∂2

ξ1
g in (3.20d) follows as ∂2

ξ1
g = −∂2

ξ2
g−∂2

ξ3
g+ 2q

ε ∂ξ1g

for ξ 6= x. The remaining assertion (3.20c) is obtained by combining (3.26) with
(3.30) and noting that an arbitrary ball B(x′; ρ) of radius ρ in the coordinates ξ

becomes a ball B̂ρ̂ of radius ρ̂ = ε−1ρ in the coordinates ξ̂. Thus we have established
all the bounds (3.20).

(iii) It now remains to establish (3.21), for which we imitate above proof only
now ξ1 < 1

3 or ξ̂1 < ( 1
3 − x1)/ε ≤ − 2

3/ε. Thus instead of the sub-domains Ω̂′1 and
Ω̂′2 we now consider Ω̂′′1 and Ω̂′′2 defined by Ω̂′′k := Ω̂′k∩{ξ̂1 < −(x1− 1

3 )/ε}. So in Ω̂′′1
(3.23) remains valid with q ≥ 1

2α, but now r̂ > 2
3/ε. Therefore, when we integrate

over Ω̂′′1 (instead of Ω̂′1), the integrals of type (3.24), (3.25) become bounded by
Ce−c1α/ε for any fixed c1 < 1

8 . Next, when considering integrals over Ω̂′′2 (instead
of Ω̂′2), note that A−|ξ̂1| ≤ − 2

3/ε so the quantity e2q(A−|ξ̂1|) in the definition (3.27)
of Q is now bounded by e−

2
3 α/ε. Consequently, the integrals of type (3.29) over Ω̂′′2

also become bounded by Ce−c1α/ε. ¤

4. Approximations for the Green’s Function

In Section 3, we have already found bounds for the solutions of the two frozen-
coefficient equations (3.1) and (3.2) posed in R3. But these solutions do not satisfy
the Dirichlet boundary conditions on ∂Ω. Our purpose in this section is to introduce
and estimate frozen-coefficient approximations Ḡ and G̃ of G that will vanish on
the boundary. We consider a simpler domain Ω = (0, 1) × R2 in the first part of
this section, and the original domain Ω = (0, 1)3 in the second part. Note that



GREEN’S FUNCTION FOR A 3D CONVECTION-DIFFUSION EQUATION 11

0 1/6 1/3 2/3 5/6 1

0

0.2

0.4

0.6

0.8

1

x
 

 

ω
0

ω
1

Figure 2. An example of ω0 and corresponding ω1.

although Ḡ and G̃ will be constructed as solution approximations for the frozen-
coefficient equations, we shall see that they, in fact, provide approximations to the
Green’s function G for our original variable-coefficient problem. We shall employ
two related cut-off functions ω0 and ω1 defined by

ω0(t) ∈ C2(0, 1), ω0(t) = 1 for t ≤ 2
3 , ω0(t) = 0 for t ≥ 5

6 ;
ω1(t) := ω0(1− t),(4.1)

so ωk(k) = 1, ωk(1 − k) = 0 and ω′k(x) = ω′′k (x) = 0 for k = 0, 1 and x = 0, 1; see
Figure 2.

4.1. Approximations Ḡ and G̃ in the domain Ω = (0, 1)×R2. First, consider
a simpler domain Ω := (0, 1) × R2. To construct approximations Ḡ and G̃ in this
domain, we employ the method of images with an inclusion of the cut-off functions
of (4.1). So, using the fundamental solution g of (3.3), we define

Ḡ(x; ξ) := Ḡ
∣∣
q= 1

2 a(x)
, G̃(x; ξ) := G̃

∣∣
q= 1

2 a(ξ)
,(4.2)

where

Ḡ(x; ξ; q) :=
eqξ̂1

4πε2

{[
e−qr̂[x1]

r̂[x1]
− e−qr̂[−x1]

r̂[−x1]

]
−

[
e−qr̂[2−x1]

r̂[2−x1]
− e−qr̂[2+x1]

r̂[2+x1]

]
ω1(ξ1)

}(4.3a)

G̃(x; ξ; q) :=
eqξ̂1

4πε2

{[
e−qr̂[x1]

r̂[x1]
− e−qr̂[2−x1]

r̂[2−x1]

]
−

[
e−qr̂[−x1]

r̂[−x1]
− e−qr̂[2+x1]

r̂[2+x1]

]
ω0(x1)

}(4.3b)

Recall that r̂[x1] =
√

ξ̂2
1,[x1]

+ ξ̂2
2 + ξ̂2

3 where ξ̂1,[x1] = (ξ1 − x1)/ε. So for ξ1 = 0

one has r̂[x1] = r̂[−x1] and ω1(ξ1) = 0, and therefore Ḡ
∣∣
ξ1=0

= 0. Similarly, for
ξ1 = 1 one has r̂[x1] = r̂[2−x1] and r̂[−x1] = r̂[2+x1], while ω1(ξ1) = 1; consequently
Ḡ

∣∣
ξ1=1

= 0. In a similar manner one can check that G̃
∣∣
x1=0,1

= 0 so the Dirichlet
boundary conditions in streamline direction are satisfied.

Note that Ḡ does not satisfy the equation (2.1a), while G̃ does not satisfy the
equation (2.3a) (recall the these equations are satisfied by G). But Ḡ and G̃ al-
most satisfy similar frozen-coefficient equations (3.1) and (3.2), respectively, in the
following sense. Let us look at the two residual functions

φ̄(x; ξ) = L̄∗ξḠ− L∗ξG, φ̃(x; ξ) := L̃xG̃− LxG.(4.4)
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They are bounded as follows.

Lemma 4.1. Let x ∈ Ω = (0, 1) × R2. Then for the functions φ̄ and φ̃ of (4.4)
some positive constant c1 and k = 2, 3, one has

‖φ̄(x; ·)‖1,1 ;Ω + ‖∂xk
φ̄(x; ·)‖1 ;Ω + ‖φ̃(x; ·)‖1,1 ;Ω ≤ Ce−c1α/ε ≤ C.(4.5)

We also have

φ̄(x; ξ)|ξ∈∂Ω = 0.(4.6)

Proof. The proof essentially imitates the one for [7, Lemma 5.1] with the only
difference of having two cross-wind directions instead of one. ¤

The next result shows that Ḡ and G̃ satisfy some of the bounds given by Theo-
rem 2.1 for G.

Lemma 4.2. The functions Ḡ and G̃ of (4.2) satisfy

‖Ḡ(x; ·)‖1 ;Ω + ‖G̃(x; ·)‖1 ;Ω ≤ C,(4.7a)

‖∂ξ1Ḡ(x; ·)‖1 ;Ω ≤ C(1 + | ln ε|),(4.7b)

‖∂ξk
Ḡ(x; ·)‖1 ;Ω ≤ Cε−1/2, k = 2, 3,(4.7c)

and for any ball B(x′; ρ) of radius ρ centred at any x′ ∈ [0, 1]× R2, one has

|Ḡ(x; ·)|1,1 ;B(x′;ρ)∩Ω ≤ Cε−1ρ,(4.7d)

while for the ball B(x; ρ) of radius ρ centred at x, we have

‖∂2
ξ1

Ḡ(x; ·)‖1 ;Ω\B(x;ρ) ≤ Cε−1 ln(2 + ε/ρ),(4.7e)

‖∂2
ξk

Ḡ(x; ·)‖1 ;Ω\B(x;ρ) ≤ Cε−1(ln(2 + ε/ρ) + | ln ε|), k = 2, 3.(4.7f)

Proof. We imitate the proof of [7, Lemma 5.2] with only minor modifications. In
particular, one rewrites the definitions of Ḡ and G̃ using the notation

g[d] := g(d, x2, x3; ξ; q) =
1

4πε2

eq(ξ̂1,[d]−r̂[d])

r̂[d]
,(4.8a)

λ± := e2q(1±x1)/ε, p := e−2qx1/ε,(4.8b)

and the observation that

1
4πε2

eq(ξ̂1,[x1]−r̂[d])

r̂[d]
= eq(d−x1)/ε g[d] for d = ±x1, 2± x1.(4.9)

So

Ḡ(x; ξ; q) =
[
g[x1] − p g[−x1]

]− [
λ−g[2−x1] − p λ+g[2+x1]

]
ω1(ξ1),(4.10a)

G̃(x; ξ; q) =
[
g[x1] − λ−g[2−x1]

]− [
p g[−x1] − p λ+g[2+x1]

]
ω0(x1).(4.10b)

Note that λ± is obtained by replacing x1 by 2 ± x1 in the definition (3.19) of λ.
The desired bounds are now obtained from (4.10), where the derivatives of the
terms that involve g[±x1] are estimated using an extended version of Lemma 3.3,
which can be found in [6, Lemma 4.1]. Similarly, the derivatives of the terms that
involve λ±g[2±x1] are estimated using an extended version of Lemma 3.4, which can
be found in [6, Lemma 4.2]. (Some estimates have been omitted in Lemmas 3.3
and 3.4 to simplify the presentation; their extended versions [6, Lemmas 4.1 and 4.2]
also give bounds for the partial derivatives of g in variable q, which are needed to
deal with q = 1

2 a(x) and q = 1
2 a(ξ).) ¤
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4.2. Approximations for the Green’s function in the domain Ω = (0, 1)3.
Now we are prepared to define approximations, denoted by Ḡ� and G̃�, for the
Green’s function G in the original domain Ω = (0, 1)3. For this, we employ the
previously defined approximations Ḡ and G̃ of (4.2), (4.3) for the domain (0, 1)×R2.
We again use the method of images with an inclusion of the cut-off functions of
(4.1) in a two-step process as follows:

Ḡ¤(x; ξ) := Ḡ(x; ξ)− ω0(ξ2) Ḡ(x; ξ1,−ξ2, ξ3)

− ω1(ξ2) Ḡ(x; ξ1, 2− ξ2, ξ3),

Ḡ�(x; ξ) := Ḡ¤(x; ξ)− ω0(ξ3) Ḡ¤(x; ξ1, ξ2,−ξ3)(4.11a)

− ω1(ξ3) Ḡ¤(x; ξ1, ξ2, 2− ξ3),

G̃¤(x; ξ) := G̃(x; ξ)− ω0(x2) G̃(x1,−x2, x3; ξ)

− ω1(x2) G̃(x1, 2− x2, x3; ξ),

G̃�(x; ξ) := G̃¤(x; ξ)− ω0(x3) G̃¤(x1, x2,−x3; ξ)(4.11b)

− ω1(x3) G̃¤(x1, x2, 2− x3; ξ).

The constructed approximations Ḡ� and G̃� vanish on the boundary. Indeed,
Ḡ�∣∣

ξ1=0,1
= 0 and G̃�∣∣

x1=0,1
= 0 (as this is valid for Ḡ and G̃, respectively), and

furthermore, by (4.1), we have Ḡ�∣∣
ξk=0,1

= 0 and G̃�∣∣
xk=0,1

= 0 for k = 2, 3.

Remark 4.3. Lemmas 4.1 and 4.2 remain valid if Ω is understood as (0, 1)3, and
Ḡ and G̃ are replaced by Ḡ� and G̃�, respectively, in the definition (4.4) of φ̄ and
φ̃ and in the lemma statements.

This is shown by imitating the proofs of these two lemmas. We leave out the
details and only note that the application of the method of images in the ξ2- and ξ3-
(x2- and x3-) directions is relatively straightforward as an inspection of (3.3) shows
that in these directions, the fundamental solution g is symmetric and exponentially
decaying away from the singular point.

5. Proof of Theorem 2.1 for Ω = (0, 1)3 (general variable-coefficient case)

We are now ready to establish our main result, Theorem 2.1, for the original
variable-coefficient problem (1.1) in the domain Ω = (0, 1)3. In Section 4, we have
already obtained various bounds for the approximations G̃� and Ḡ� of G in Ω =
(0, 1)3; in particular, we have shown that they satisfy the bounds of Theorem 2.1.
So now it remains to show that these bounds are also satisfied by the two functions

ṽ(x; ξ) := [G− G̃�](x; ξ), v̄(x; ξ) = [G− Ḡ�](x; ξ).

Note that, by (4.4), we have Lxṽ = Lx[G−G̃�] = [L̃x−Lx]G̃�−φ̃, and similarly
L∗ξv̄ = L∗ξ[G− Ḡ�] = [L̄∗ξ − L∗ξ]Ḡ� − φ̄. Consequently, the function ṽ is a solution
of the following problem:

Lxṽ(x; ξ) = h̃(x; ξ) for x ∈ Ω, ṽ(x; ξ) = 0 for x ∈ ∂Ω,(5.1a)

where the right-hand side is given by

h̃(x; ξ) := ∂x1{R G̃�}(x; ξ)− b(x) G̃�(x; ξ)− φ̃(x; ξ),(5.1b)

and

R(x; ξ) := a(x)− a(ξ), so |R| ≤ C min{εr̂[x1], 1}.(5.2)
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Similarly, v̄ is a solution to the problem

L∗ξv̄(x; ξ) = h̄(x; ξ) for ξ ∈ Ω, v̄(x; ξ) = 0 for ξ ∈ ∂Ω(5.3a)

where the right-hand side is given by

h̄(x; ξ) := {R ∂ξ1Ḡ�}(x; ξ)− b(ξ) Ḡ�(x; ξ)− φ̄(x; ξ).(5.3b)

Then the solution representation formulae (2.2) and (2.5) applied to problems (5.1a)
and (5.3a), respectively, yield

ṽ(x; ξ) =
∫∫∫

Ω

G(x; s) h̃(s; ξ) ds,(5.4a)

and

v̄(x; ξ) =
∫∫∫

Ω

G(s; ξ) h̄(x; s) ds.(5.4b)

To complete the proof, it remains to show that either ṽ or v̄, represented by
(5.4), satisfies each of the bounds of Theorem 2.1. For this one imitates, with only
mild modifications, the argument given in [7, Section 6] (for further details, we refer
the reader to an extended version of this paper [6]). Thus, we have Theorem 2.1.

6. Stability Corollaries and Applications

In view of the solution representation (2.2), the bounds of the Green’s function
given by Theorem 2.1 imply a number of a priori solution estimates for our original
problem (1.1). Such estimates can be used in the numerical analysis of this com-
putationally challenging problem. More specifically, they can be used to derive a
posteriori error bounds for computed solutions of this problem.

One straightforward stability corollary is as follows.

Corollary 6.1. Let f(x) = ∂x1 F̄1(x)+∂x2 F̄2(x)+∂x3 F̄3(x)+f̄(x) where F̄1, F̄2, F̄3,
f̄ ∈ L∞(Ω). Then there exists a unique solution u ∈ L∞(Ω) of problem (1.1), (1.2),
for which we have the bound

‖u‖∞ ;Ω ≤ C
[
(1 + | ln ε|) ‖F̄1‖∞ ;Ω + ε−1/2 (‖F̄2‖∞ ;Ω + ‖F̄3‖∞ ;Ω) + ‖f̄‖∞ ;Ω

]
.

Proof. In view of the linearity of the operator L, we first combine the solution
representation (2.2) with the bounds (2.6a), (2.6b) to deal with the terms in f that
involve F̄m, m = 1, 2, 3. The remaining solution component, that corresponds to
the right-hand side f̄ , is easily estimated using the maximum/comparison principle
(the latter is satisfied by virtue of (1.2)). ¤

Remark 6.2. In the proof of Corollary 6.1, the existence of a solution u ∈ L∞(Ω)
of problem (1.1), (1.2) follows from the observation that the solution representation
formula (2.2) yields a bounded function. Note that the existence of a bounded so-
lution of this problem, under the additional mild assumption b(x)− 1

2∂x1a(x) ≥ 0,
can be shown by an application of [16, Chapter 3, Theorems 5.2 and 13.1]. In par-
ticular, the second cited theorem states that if there exists a solution u ∈ W 2,1(Ω),
then it is bounded in Ω̄ by some ε-dependent constant. The novelty of Corollary 6.1
lies in that it explicitly shows the dependence of this constant on ε.

In fact, our problem enjoys a more subtle stability result. To formulate it, we
first introduce a tensor-product mesh {x1,i, x2,j , x3,k} in the domain Ω = (0, 1)3,
with Nk + 1 vertices in each coordinate direction, where

0 = x`,0 < x`,1 < · · · < x`,Nk−1 < x`,Nk
= 1, ` = 1, 2, 3.
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The local mesh sizes are h`,i := x`,i − x`,i−1 for i = 1, . . . , N` and ` = 1, 2, 3. Our
next stability corollary is as follows.

Corollary 6.3. Let

f(x) = ∂x1 [F1(x) + F̄1(x)]+∂x2 [F2(x) + F̄2(x)]+∂x3 [F3(x) + F̄3(x)]+f̄(x),(6.1)

where F1, F2, F3, F̄1, F̄2, F̄3, f̄ ∈ L∞(Ω), Ai, Bj , Ck ∈ L∞((0, 1)2) for all i, j, k,
and

F1(x) = Ai(x2, x3) (x1 − x1,i−1/2), x ∈ (x1,i−1, x1,i)× (0, 1)2, i = 1, . . . , N1,

F2(x) = Bj(x1, x3) (x2 − x2,j−1/2), x ∈ (0, 1)× (x2,j−1, x2,j)× (0, 1),
j = 1, . . . , N2,

F3(x) = Ck(x1, x2) (x3 − x3,k−1/2), x ∈ (0, 1)2 × (x3,k−1, x3,k), k = 1, . . . , N3.

Then for the solution u of problem (1.1), (1.2) we have the bound

‖u‖∞;Ω ≤ C

[
(1 + | ln ε|)‖F̄1‖∞;Ω + ε−1/2(‖F̄2‖∞;Ω + ‖F̄3‖∞;Ω) + ‖f̄‖∞;Ω

+ max
i=1,...,N1

{
min

{
h1,i

(
1 + | ln ε|), h2

1,i

ε
ln(2 + ε/κ1)

}
‖Ai‖∞ ;(0,1)2

}

+ max
j=1,...,N2

{
min

{ h2,i

ε1/2
,

h2
2,i

ε

(
ln(2 + ε/κ2) + | ln ε|)

}
‖Bj‖∞ ;(0,1)2

}

+ max
k=1,...,N3

{
min

{ h3,i

ε1/2
,

h2
3,i

ε

(
ln(2 + ε/κ3) + | ln ε|)

}
‖Ck‖∞ ;(0,1)2

}]

with κm = mini=1...Nm{hm,i} for m = 1, 2, 3.

Proof. In view of the linearity of the operator L and our earlier Corollary 6.1, it
suffices to establish the desired result for the case F̄1 = F̄2 = F̄3 = f̄ := 0. Fur-
thermore, we can deal with the solution components induced by each of F1, F2, F3

separately.
(i) First we deal with F1 so let F̄1 = F̄2 = F̄3 = f̄ = F2 = F3 := 0. Here

we imitate the argument used in [2, 15] to deal with a simpler reaction-diffusion
operator. Fix x ∈ Ω and use the notation W (ξ) = G(x; ξ) for the Green’s function.
Now the solution representation (2.2) yields

u(x) = −
∫∫∫

Ω

F1(ξ)∂ξ1 W (ξ) dξ

= −
N1∑

i=1

∫∫∫

Ωi

Ai(ξ2, ξ3) (ξ1 − ξ1,i−1/2) ∂ξ1W (ξ) dξ,

where Ωi := (x1,i−1, x1,i)× (0, 1)2.
We shall consider the integrals over a certain neighbourhood Ω′ of the singular

point ξ = x of G separately. Suppose x1 ∈ [x1,n−1/2, x1,n+1/2] for some 0 < n < N1

(the cases x1 ∈ [0, x1/2) and x1 ∈ (xN1−1/2, 1] are similar). Now let

Ω′ := (x1,n−1, x1,n+1)× (x2 − 1
2κ1, x2 + 1

2κ1)× (x3 − 1
2κ1, x3 + 1

2κ1),

and define a regular function W̃ by

W̃ (ξ) =

{
W (ξ) for ξ ∈ Ω \ Ω′,
0 for ξ ∈ Ω′.



16 S. FRANZ AND N. KOPTEVA

With this definitions, rewrite u as

u(x) = −
N1∑

i=1

∫∫∫

Ωi

Ai(ξ2, ξ3) (ξ1 − ξ1,i−1/2) ∂ξ1W̃ (ξ) dξ

︸ ︷︷ ︸
=:S1

−
n+1∑

i=n

∫∫∫

Ωi∩Ω′
Ai(ξ2, ξ3) (ξ1 − ξ1,i−1/2) ∂ξ1W (ξ) dξ

︸ ︷︷ ︸
=:S2

.

For the first sum S1 we have

|S1| ≤
N1∑

i=1

‖Ai‖∞ ;(0,1)2

∫∫

(0,1)2

∣∣∣
∫ x1,i

x1,i−1

(ξ1 − ξ1,i−1/2) ∂ξ1W̃ (ξ) dξ1

∣∣∣ dξ2dξ3.

Here the interior-integral terms can be estimated using either
∣∣∣
∫ x1,i

x1,i−1

(ξ1 − x1,i−1/2) ∂ξ1W̃ (ξ) dξ1

∣∣∣ ≤ 1
2 h1,i

∫ x1,i

x1,i−1

|∂ξ1W̃ (ξ)|dξ1

or
∣∣∣
∫ x1,i

x1,i−1

(ξ1 − x1,i−1/2) ∂ξ1W̃ (ξ) dξ1

∣∣∣ =
∣∣∣
∫ x1,i

x1,i−1

(ξ1 − x1,i−1/2)
∫ ξ1

x1,i−1

∂2
ξ1

W̃ (s, ξ2, ξ3) ds dξ1

∣∣∣

≤ 1
4 h2

1,i

∫ x1,i

x1,i−1

|∂2
ξ1

W̃ (ξ)|dξ1.

where ∂2
ξ1

W̃ (ξ) is well defined and integrable. Consequently, for any splitting
‖Ai‖∞ ;(0,1)2 = A1

i +A2
i , one gets

|S1| ≤ max
i=1,...,N1

{
1
2 h1,iA1

i

}
· ‖∂ξ1W‖1 ;Ω\Ω′ + max

i=1,...,N1

{
1
4 h2

1,iA2
i

}
· ‖∂2

ξ1
W‖1 ;Ω\Ω′ .

As W (ξ) = G(ξ;x), the bounds (2.6a) and (2.6d) respectively imply ‖∂ξ1W‖1 ;Ω\Ω′ ≤
C(1 + | ln ε|) and ‖∂2

ξ1
W‖1 ;Ω\Ω′ ≤ Cε−1 ln(2 + ε/κ1), where to get the second es-

timate we also used B(x ; 1
2κ1) ⊂ Ω′. Now, let A1

i := ‖Ai‖∞ ;(0,1)2 and A2
i := 0

if 1
2 h1,i(1 + | ln ε|) ≤ 1

4 h2
1,i ε−1 ln(2 + ε/κ1), and A1

i := 0 and A2
i := ‖Ai‖∞ ;(0,1)2

otherwise. This definition yields

(6.2) |S1| ≤ max
i=1,...,N1

{
min

{
h1,i(1 + | ln ε|), h2

1,i

ε
ln(2 + ε/κ1)

}
‖Ai‖∞ ;(0,1)2

}
.

In a similar manner, for S2 we get

(6.3) |S2| ≤
∑

i=n,n+1

{
1
2 h1,i ‖Ai‖∞ ;(0,1)2 ‖∂ξ1W‖1 ;Ωi∩Ω′

}
.

Here (Ωi ∩ Ω′) ⊂ B((x1,i−1/2, x2, x3) ; h1,i), so, combining (2.6a) and (2.6c) yields

(6.4) ‖∂ξ1W‖1 ;Ωi∩Ω′ ≤ C min
{
(1 + | ln ε|), ε−1h1,i

}
.

As the sum in (6.3) involves only two terms, combining (6.3) and (6.4), we conclude
that the bound (6.2) for S1 holds true for S2 as well. Comparing the right-hand
side in (6.2) with the assertion of the corollary, we are done.

(ii) In a similar manner, to deal with F2 one lets F̄1 = F̄2 = F̄3 = f̄ = F1 =
F3 := 0, and to deal with F3 one lets F̄1 = F̄2 = F̄3 = f̄ = F1 = F2 := 0.
Then the argument used in part (i) is imitated with the only modification that the
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bounds of Theorem 2.1 for the crosswind derivatives of the Green’s function are
now employed. ¤

Applications. Stability properties of our convection-reaction-diffusion problem
such as given by Corollaries 6.1 and 6.3 can be used in the numerical analysis
of this problem. In particular, Corollary 6.3 is a key ingredient in deriving a ro-
bust a posteriori error estimator for a finite difference method in a forthcoming
paper [5]. The error is estimated in the maximum norm, which is a sufficiently
strong norm to capture layers. Any dependence on the small singular perturbation
parameter will be shown explicitly. One particular feature of our estimator is that
it holds true an arbitrary tensor-product mesh under no mesh aspect ratio restric-
tions. This is crucial as highly-anisotropic meshes are needed for efficient numerical
solution of singularly perturbed problems such as our problem (1.1).

To establish robust a posteriori error estimates for problem (1.1), we combine and
extend the arguments used in [2, 15] to deal with a singularly perturbed reaction-
diffusion operator in two and three dimensions, and the a posteriori error analysis of
a one-dimensional convection-diffusion equation [14]. More specifically, the residual
of the continuous (or interpolated) computed solution uN , which is defined by

Lx[uN − u] = LxuN − f,

is represented in the form (6.1). Then Corollary 6.3 is applied to bound the error
‖uN − u‖∞ ;Ω in terms of the given arbitrary mesh and the computed solution
obtained on this mesh. This yields a robust a posteriori error estimator [5].

References

[1] M. Abramowitz and I. A. Stegun. Handbook of Mathematical Functions with Formulas,
Graphs and Mathematical Tables. Applied Mathematics Series. National Bureau of Stan-
dards, Washingtion, D.C., 1964.

[2] N.M. Chadha and N. Kopteva. Maximum norm a posteriori error estimate for a 3d sin-
gularly perturbed semilinear reaction-diffusion problem. Adv. Comput. Math., 2010. doi:
10.1007/s10444-010-9163-2 (published online 1 June 2010).

[3] W. Dörfler. Uniform a priori estimates for singularly perturbed elliptic equations in multidi-
mensions. SIAM J. Numer. Anal., 36(6):1878–1900, 1999.

[4] K. Eriksson. An adaptive finite element method with efficient maximum norm error control
for elliptic problems. Math. Models Methods Appl. Sci., 4:313–329, 1994.

[5] S. Franz and N. Kopteva. A posteriori error estimation for a convection-diffusion problem
with characteristic layers. (in preparation), 2011.

[6] S. Franz and N. Kopteva. Full analysis of the Green’s function for a singularly perturbed
convection-diffusion problem in three dimensions. Technical Report, arXiv:1103.2948v2, 2011.

[7] S. Franz and N. Kopteva. Green’s function estimates for a singularly perturbed convection-
diffusion problem. (submitted for publication), 2011.

[8] S. Franz and N. Kopteva. On the sharpness of Green’s function estimates for a convection-
diffusion problem. arXiv:1102.4520v2, (submitted for publication), 2011.

[9] J. Guzmán, D. Leykekhman, J. Rossmann, and A. H. Schatz. Hölder estimates for Green’s
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