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1. (a) Consider the vector valued function

r(t) =

{
(t, 1 + t, 0) if − 1 ≤ t ≤ 0
(sin t, et, t2) if 0 ≤ t ≤ 1

find its derivative, and hence find the unit tangent vector to the
curve defined by r(t) and comment on its smoothness 10

(b) Sketch the curve r(t) = (t + 1, t) where −2 ≤ t ≤ 0 in two di-
mensions and find an expression for its arclength from t = −2 to
an arbitrary point on the curve. Hence find the arclength from
t = −2 to t = −1. Write the equation for the curve in intrinsic
form. 7

(c) A particle P moves on a disk towards the edge with position vector

r(t) = (t2 + t)b

where b is a unit vector rotating together with the disk with con-
stant angular speed ω in the counterclockwise sense. Find a form
for the unit vector b and the acceleration of the particle P . 8

2. (a) Find the work done in moving a particle in a force field given by

F(x, y, z) = 4x2yi− zj + y3xzk,

along the curve with parametric definition r = (t, t2, 1) where
0 ≤ t ≤ 1. 10

(b) Calculate the volume of a hemisphere using spherical coordinates. 6

(c) State Green’s Theorem in the plane. Using Green’s theorem evalu-
ate the line integral

∮
F·dr counterclockwise around the boundary

of C of the region R, where F = x2yi− y2xj and R : x2 + y2 ≤ 25,
y ≥ 0. 9

3. (a) Find the directional derivative of the scalar valued function

f(x, y, z) = 3x2y + z3x− 4x

at the point (1,−1, 0) in the direction of 2i− j + k. 7

(b) Using the fact that ∇Ω (where Ω = Ω(x, y) is a scalar function
of position) is perpendicular to its own level curves, find a unit
normal to the curve defined by y−x2 +1 = 0 at the point (0,−1).
Verify this result with a rough sketch. 7
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(c) Show that the vector field v = −gk (where g is the (constant) ac-
celeration due to gravity) is a conservative vector field. Determine
an associated scalar potential φ for this vector field v. 5

(d) Use Taylor’s theorem in two dimensions to find a first order ap-
proximation for f(1, 0.5) based on quantities evaluated at the
point (1.5, 0.8) in the case where

f(x, y) = x2y + y.

6

4. (a) Explain the term linearity principle for a linear homogeneous par-
tial differential equation. 4

(b) Consider the partial differential equation

A(x, y)uxx + 2B(x, y)uxy + C(x, y)uyy = f(x, y, ux, uy)

where A, B, C and f are all known functions. Explain the idea of
characteristics of a partial differential equation. Noting that the
equation defined above has characteristics defined by

dy

dx
=

B ±√B2 − AC

A

suggest a way to classify equations as parabolic, elliptic or hy-
perbolic. Fully classify the following equations. Find and sketch
the real characteristics (if any) of the following partial differential
equations

uxx + uxy − 2uyy = 0

∂2u

∂x2
+ 2

∂2u

∂x∂y
+ 6

∂2u

∂y2
− ∂u

∂x
+ x2 = 0

xuxy + 2u = 0

13

(c) Solve the following pseudo differential equations for u = u(x, y):

ux − 2 = 0

ux + u2 = 0

4
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(d) Verify that u(x, y) = cos 3t sin x is a solution of the wave equation

∂2u

∂t2
= c2∂2u

∂x2
,

for a suitable value of the constant c. Identify this value of c. 4

5. (a) A cave (located at x = l) containing a quantity of ice is located
at a distance l below the surface of the earth (x = 0). Assume
that the initial temperature distribution in the region beneath
the surface of the earth is u(x, 0) = g(x), 0 ≤ x ≤ l. Assume
also that the temperature of surface of the earth and of the cave
is maintained at 0oC.

Assume that the flow of heat in the region 0 ≤ x ≤ l can be mod-
elled by linear heat equation ut = c2uxx. Set up the appropriate
initial boundary value problem. Use the method of separation of
variables to solve this problem. 13

(b) Consider the equation

4uxx − uyy = 0

Using the transformation α = x + 2y, β = x − 2y reduce the
equation to a simpler form and determine the particular solution
that satisfies the boundary conditions

u(x, 0) = sin x uy(x, 0) = 0

12

6. Let Ω be the unit square (0, 1) × (0, 1), with boundary Γ and
closure Ω̄ = [0, 1]× [0, 1]. Consider the boundary value problem

Lu =
∂2u

∂x2
+

∂2u

∂y2
= f(x, y), (x, y) ∈ Ω

with boundary conditions

u(x, y) = g(x, y), (x, y) ∈ Γ

(a) Taking a fixed-width mesh h in both the x and y directions, for-
mulate the discretised problem and outline a uniform mesh for
this problem. The 2nd derivative can be approximated using the
standard O(h2) operator. 4
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(b) Show that the finite difference operator Lh satisfies a maximum
principle of the form:

Lhvi,j ≥ 0 ∀ i, j ⇒ max
Ωh

|vi,j| ≤ max
Γh

|vi,j|

where vi,j is any mesh-function defined on Ω̄h. 8

(c) Using the maximum principle, show that the solution of the dis-
cretised problem is unique. 8

(d) Explain how an estimate of the upper bound for any mesh function
vi,j of the form

max
Ωh

|vi,j| ≤ max
Γh

|vi,j|+ 1

2
max
Ωh

|Lhvi,j|

can be employed to comment on the stability and convergence of
the numerical method. 5
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