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1. (a) Consider the vector valued function
1+, 3, 1) if —1<t<1
r(t) = :
(2t, 1, t) if 1<t<2.
Find its derivative, and hence find the unit tangent vector to the
curve defined by r(¢) and comment on its smoothness 10
(b) Consider the path traced out by the point whose position vector
at time t is
r(t) = sin2ti+ 2sintj , 0<t<m.
Determine the arclength parameter s and write down the intrinsic
equation of the curve. Find an expression for the curvature. 8
(c¢) Find the directional derivative of the scalar valued function
f(z,y,2) = sin(yz) + In(2?) |
at the point (1,1, 7) in the direction of the vector i + j — k. 7
2. (a) Find the work done by the force field
F(z,y,z) =zi+yk,
in moving a particle from the point (3, 0, 0) to the point (0, 3, 7/2)
along the helix x = 3cos t, y =3sin t, z = t.
(b) Evaluate [,z dA where R is the region 2> + 1 <y <2z + 1.
(c) State Stokes’ Theorem in the plane.
Let C be the circle 22 + y?> = 25 in the plane z = 3, oriented
counter-clockwise when viewed from above. Use Stokes” Theorem
to evaluate ¢ F - dr where
F(z,y,2) =2z +y—22)i+ (2o — 4y +2°)j+ (z + 2y — 2°) k .
11
3. (a) The vector field
F(z,y,2) = A®y*zi+ (2° + Ba'yz2) j + (3y2* — 2"y’ k ,
is conservative. Find values of the constants A and B. Hence find
a scalar field ¢ such that F = V. 10
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(b) Explain the term level surfaces in relation to any scalar field w.
Interpret Vw with regard to level surfaces. Hence find the unit
normal to the surface defined by z = ™ at the point (1,0, 1). 9
(c) Use Taylor’s theorem in two dimensions to find the first order
approximation of
fla,y)=e"+a*,
at the point (1,0). Hence estimate f(0.8,0.1). 6
4. Consider the second order partial differential equation
Atyy + 2Bugy + Cuyy = f(2,y, Uz, uy)
where A, B and C' are constant.
(a) Give the criteria to classify the above equation as parabolic, ellip-
tic or hyperbolic. 3
(b) Write down the differential equation which defines the character-
istics. 2
(c) Consider the following partial differential equations:
(i) Upy — 4ty + Uy =0
(i) 0%u 5 0%u N Pu  Ou
i — =— —u
0x? oxdy  Oy? Ox
(iii) Uy + 3y, = sinx .
Fully classify these equations and find and sketch the real charac-
teristics (if any). 10
(d) Consider the partial differential equation
Ugr + 3“3315 + 2utt = O .
Use the transformation a« = x—t, = x— %t to reduce the equation
to a simpler form and determine the general solution wu(z,t).
Hence find the particular solution that satisfies the boundary con-
ditions
u(z,0) = 2? | ur(z,0) =0 .
10
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5. (a) Consider a bar of heat conducting material of length I. The partial

differential equation describing the conduction of heat through the

bar is given by

u 1 0u
ox2 2ot

Assume zero temperature at x = 0, i.e. u(0,¢) = 0, and no heat

loss at © =1, i.e. u,(l,t) =0.

Use the method separation of variables to show that a form of the

solution appropriate to these boundary conditions is given by

> c? (n — l)27r215 (n — l)ﬂx
_ 2 . 2
u(z,t) = ;Bnexp ( — l—2> sin | ——*— | ,

where the B,, are constants.

Show that if, in addition, u = sin (Sg—f) when t =0 for 0 < x < [,

then the solution simplifies to

(2.1) 927\ . [3mx
u(z,t) =exp | — sin [ — | .
’ T 2
17
(b) Find the equation relating the constants k, m, n and ¢ so that the
function
u = e " cos(ma) cos(nt) ,
is a solution of the partial differential equation
2Fu_Qu o, 0u
ox?  Ot? ot
8

6. Let © be the unit square (0,1) x (0,1), with boundary I and closure

2 =[0,1] x [0, 1]. Consider the boundary value problem

0’u  0%u

Lu=>—+ %=
“ 0$2+6y2

= f(z,y), (z,y) €Q
with Dirichlet boundary conditions

u(a:, 0) = ¢0(23) ) u(xa 1) = ¢1($)
u(0,y) = to(y) , u(l,y) = 1(y) -
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(a)

(b)

Taking a fixed-width mesh A in both the x and y directions, for-
mulate the discretised problem. The 2" derivative can be approx-
imated using the standard O(h?) operator.

Show that the finite difference operator L satisfies a maximum
principle of the form:

LM ; >0Vi,j = max [vy] < max[vg]

where v; ; is any mesh-function defined on Q.
Show that the solution of the discretised problem is unique.

Determine the linear system of equations resulting from the discre-
tised problem where f(z,y) = 1+ 2y and the boundary conditions
are given by

1

5 in both the z and y directions.

using a stepsize of h =
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Useful Information

Half-range fourier sine series of period 2I:

flz) = ansinm

2 [ . (n—%)wm

Polar Coordinates:
xr=rcosf , y=rsinf , 0<0<2nr, r>0.

Taylor Series in three variables:

f(:c,y, Z) = f(fCOa Yo, zO) + or - vf‘(ﬂﬂouyo,zo) + O(’(SI‘|2) )
where (h, k,1) = r with h =2 — 29, k =y — yo and [ = z — 2.



