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Does a sheared flow stabilize inversely stratified fluid?
E. S. Benilov
Department of Mathematics, University of Limerick, Ireland

V. Naulin and J. Juul Rasmussen
Association EURATOM-Risø National Laboratory, Department of Optics and Fluids, Risø,
P.O. Box 49, DK-4000 Roskilde, Denmark

~Received 10 September 2001; accepted 1 February 2002; published 1 April 2002!

We examine the stability of sheared flows in an inversely stratified fluid~where the density increases
upward!. As demonstrated by Kuo~1963!, if the shear and Va¨sälä frequency are both constant~i.e.,
if the velocity and density profiles are both linear!, the shearsuppressesthe Rayleigh–Taylor
instability that would affect the fluid in the absence of the flow. Our main goal is to reexamine this
problem for a wider class of velocity and density profiles. Using the standard linear normal-mode
analysis, we consider two types of flows: jets~for which asymptotic solutions were found!, and
currents with a monotonic profile~which were examined numerically!. It turns out that virtually any
deviation from the linear profiles examined by Kuo~1963! triggers off instability. This instability,
however, is restricted either spectrally or spatially, which makes it different from the usual
Rayleigh–Taylor instability~in the absence of the flow, inversely stratified fluids are unstable at all
points and all wavelengths!. The conclusions of the paper are verified by simulation of the
governing~nonlinear! equations. ©2002 American Institute of Physics.
@DOI: 10.1063/1.1466836#
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I. INTRODUCTION

It is well known that inversely stratified fluids~where the
density increases upward! are, generally, unstable due to th
Rayleigh–Taylor instability. It is also well known tha
sheared flows in fluids are a potential source of instabi
Hence, it is logical to assume that a combination of the t
effects should cause even stronger instability. Yet Kuo1 dem-
onstrated that shear may, in fact,suppressthe Rayleigh–
Taylor instability.

This unexpected result, derived for the case of an
versely stratified atmosphere, was later generalized
plasma governed by similar equations.2,3 Furthermore, the
theoretical results obtained for plasma have been suppo
by observations of the stabilizing effect of self-generated
imposed shear flows often invoked in plasmas.4 Overall, in
magnetically confined plasmas, the suppression of turbule
by shear seems to be so widespread that it is now believe
be universal.

It should be noted, however, that Kuo1 and Hassam2,3

considered exactly the same particular case, where the s
and Väsälä frequency were both constant~i.e., the velocity
and density profiles both linear!. In a sense, this setting is no
generic, as it isspatially homogeneous—which, generally,
prohibits the existence of localized modes~those are nor-
mally captured by inhomogeneities of the medium!. In other
words, it may be possible that the conclusion about the
bilization of inverse stratification by shear is a result of
‘‘quirk’’ of the model chosen, rather than a ‘‘physical effect

We have therefore found it worthwhile to reexamine t
problem for different~nonhomogeneous! stratification/flow
profiles. Two approaches were pursued: we have exam
the stability of normal modes~for both fluid and plasma
1671070-6631/2002/14(5)/1674/7/$19.00
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these are described by the classical Taylor–Golds
equation5,6!, and also simulated the nonlinear equations g
erning the evolution of stable or unstable disturbances.

The structure of this paper is as follows. In Sec. II, w
shall formulate the problem, and in Secs. III and IV, exam
it asymptotically in the short-wave limit. It turns out, how
ever, that the method we use is applicable only to flo
where the velocity profile has an extremum~those will be
referred to as jets!. Thus, the important case of flows wit
monotonic profiles will have to be examined by direct n
meric integration of the Taylor–Goldstein equation~Sec. V!.
In Sec. VI we shall simulate the nonlinear equations gove
ing inversely stratified fluid, and Sec. VII contains conclu
ing remarks.

II. FORMULATION OF THE PROBLEM

Consider a fluid of variable densityr(x,y,z,t), where
x,y,z are the spatial coordinates~the z axis is directed up-
ward!, andt is the time. In terms ofr, the pressurep, and the
velocity u of the flow, the governing equations can be writt
using the Boussinesq approximation~e.g., Ref. 7! as follows:

ut1~u"“ !u1
1

r0
“p52

r

r0
gz, “"u50,

~1!
r t1u"“r50,

wherer0 is the mean density,g is the acceleration due to
gravity, andz is the unit vector directed along thez axis ~the
mean density of the fluid is assumed to be equal to uni!.
Now, consider a parallel flow, such that the streamlines
surfaces of equal density are horizontal~see Fig. 1!, per-
turbed by a small disturbance:
4 © 2002 American Institute of Physics
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u5FU~z!1u8~x,y,z,t !
v8~x,y,z,t !
w8~x,y,z,t !

G , ~2!

r5 r̄~z!1r8~x,y,z,t !, p52gE r̄~z!dz1p8~x,y,z,t !,

~3!

whereU(z) andr̄(z) describe the mean flow, and the dash
variables describe the disturbance. Substituting~2!–~3! into
~1! and omitting nonlinear terms, we obtain

ut81Uux81w8Uz1
1

r0
px850,

v t81Uvx81
1

r0
py850, ~4!

wt81Uwx81
1

r0
pz852g

r8

r0
,

ux81vy81wz850, r t81Urx81w8r̄z50. ~5!

We shall assume for simplicity that the disturbance depe
on x exponentially and does not depend ony at all:

u85û~z,t !eikx, v85 v̂~z,t !eikx, w85ŵ~z,t !eikx,

p85 p̂~z,t !eikx, r85 r̂~z,t !eikx.

Then, eliminatingû, v̂, p̂, andr̂, one can reduce~4!–~5! to
a single equation forŵ,

S ]

]t
1 ikU D 2

~ŵzz2k2ŵ!2UzzS ]

]t
1 ikU D ikŵ2N2k2ŵ50,

~6!

where

N252g
r̄z

r0

is the Väsälä frequency. We are concerned with the case
inverse ~statically unstable! stratification, wherer̄ grows
with z; hence,N2,0. Without a loss of generality, we ca
put ImN.0.

Next, we assume that the disturbance isharmonic in t,
i.e.,

FIG. 1. Formulation of the problem: a flow in a density stratified fluid~U is
the velocity,r is the density!.
d

s

f

ŵ~z,t !5f~z!e2 ivt, ~7!

wheref(z) is the ‘‘normal mode,’’ andv is the frequency.
Upon substitution of~7! into ~6!, the latter turns into the
Taylor–Goldstein equation~see Refs. 5, 6!:

fzz2S k21
kUzz

kU2v
2

k2N2

~kU2v!2Df50. ~8!

Strictly speaking,~8! should be supplemented by the no-flo
boundary conditions at the surface and the bottom of
ocean. We shall assume, however, that the disturbanc
localized in the main thermocline~the layer of fast-changing
density!, which is located far away from both boundaries.
this case, we can put

f→0, as z→6`. ~9!

Here ~8!–~9! form an eigenvalue problem forf(z) and
v. If a disturbance exists with Imv.0, the flow is unstable.
It can be demonstrated8 that a sufficient condition of stability
is

N2

~Uz!
2.

1

4
,

according to which inversely stratified fluids (N2,0) are all
potentially unstable regardless of the velocity profile. It
unclear though if this possible instability takes place in re
ity.

It turns out that a further analysis strongly depends
whether the velocity profileU(z) has an extremum. In the
next section, we shall examine the case of jets~i.e., flows, for
which there exists a single point withUz50!. Physically,
this corresponds to the case when the direction of the w
~and hence that of the wind-induced current! is opposite to
the direction of the deep flow.

III. JETS

A. Short disturbances

Rewrite Eq.~8! in the form

fzz2Qf50, ~10!

where

Q~z,v!5k21
kUzz

kU2v
2

k2N2

~kU2v!2 ,

and assume that the horizontal wavelength of the disturba
is short,

k→`.

In this case, one would immediately think of the WK
asymptotic method, but, unfortunately, it would not work f
the problem at hand. Indeed, the WKB method assumesf(z)
to rapidly oscillate with a wavelength of the order
(2Q)1/2, which impliesQ,0. In the present case, howeve
Q5k21O (1) is positive everywhere, except for the narro
region where the denominator of the second/third term
small ~if such a region exists!.

Instead, we shall employ the Simmons–Killwor
asymptotic method,9,10 according to which the eigenfunctio
of ~10! is localized spatially near a certain pointz0 . In still
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water, that would be the extremum of the Va¨sälä frequency
N(z), but in the presence of a flow, the location ofz0 is
unclear. It is also convenient to introduce an~undetermined,
at this stage! leading-order frequencyv0 and expand Eq.
~10! aboutz0 andv0 ,

fzz2@Q~z0 ,v0!1Qz~z0 ,v0!~z2z0!1Qv~z0 ,v0!~v2v0!

1 1
2Qzz~z0 ,v0!~z2z0!21¯#f50. ~11!

If we truncate~11! at the zeroth order,

fzz2Q~z0 ,v0!f50,

the resulting equation has constant coefficients and can
readily solved; clearly, it does not have bounded solutions
any value ofv0 . Hence, we have to require

Q~z0 ,v0!50, ~12!

and examine the next order of~11!,

fzz2@Qz~z0 ,v0!~z2z0!1Qv~z0 ,v0!~v2v0!#f50.

This equation belongs to the Airy type and, again, does
admit localized~trapped! solutions. Indeed, those may exi
only if the ‘‘potential’’ ~the expression in the square bracke!
bounds the ‘‘wave’’~eigenfunction! on bothsides, i.e., grows
asz→6`. Hence, we require the linear in (z2z0) term also
to vanish:

Qz~z0 ,v0!50, ~13!

so that the leading-order term in the expansion ofQ be qua-
dratic:

fzz2@Qv~z0 ,v0!~v2v0!1 1
2Qzz~z0 ,v0!~z2z0!2#f50

~14!

@it is implied here that (v2v0);(z2z0)2]. Here ~14! pro-
vides a leading-order approximation for the solution of t
original equation~10!.

Note, however, that before solving~14! for f, we need
to find z0 andv0 from ~12! and~13!. Expanding the former
in powers ofk21, we obtain two solutions forv0 :

v05kU~z0!6N~z0!1O~k21!, ~15!

where 1 ~2! corresponds to a growing~decaying! mode.
Next, expanding~13!, we obtain an equation forz0 ,

Uz~z0!5O~k21!.

One can see that, to the leading order,z0 is located at an
extremum of the velocity profile, and ifU(z) does not have
one, our asymptotic analysis yields no solutions. We c
clude that, in this case, the problem does not have sh
wave (k→`) eigenfrequencies~which will be confirmed nu-
merically in Sec. IV!.

It should be noted, however, that although we seem
have found an unstable~growing! disturbance, its legitimacy
is to be validated by the existence of localized solutions
~14! ~the localization requirement was a precondition of
our results!. In order to do this, rewrite~14! in the form

fhh2~Tv11Rh2!f50, ~16!

where
be
r

ot

-
rt-

o

o
l

h5z2z0 , v15v2v0 ,

T5Qv~z0 ,v0!, R5 1
2Qzz~z0 ,v0!.

Recalling the definition ofQ(z,v), we obtain, in the short-
wave limit,

T56k2F 2

N~z0!
1O ~k21!G ,

~17!

R57k3FUzz~z0!

N~z0!
1O ~k21!G ,

where the upper~lower! sign corresponds to the unstab
~stable! v0 defined by~15!. We are seeking solutions that a
localized at finiteh ~i.e., trapped nearz5z0!,

f→0, as h→6`

@which, of course, agrees with the general boundary con
tion ~9!#. Here~16! is the equation of the parabolic cylinde
and has bounded solutions only if~see Ref. 11!

v152
2R1/2~m1 1

2!

T
, ~18!

where m>0 is an integer~the mode number! and R1/2 is
chosen such that

ReR1/2.0. ~19!

The corresponding eigenfunction is

f5expS 2
1

2
R1/2h2DHm~R1/4h!, ~20!

where Hm is the Hermite polynomial of orderm.
Summarizing~15!, ~18!, and~17!, we obtain the follow-

ing expression for the growth rate:

Im v'uN~z0!uF12AUUzz~z0!N~z0!

2k US m1
1

2D G . ~21!

The leading-order term here is independent ofm, hence, to
the leading order, disturbances of all modes grow at the s
rate ~determined by the local Va¨sälä frequency!. The next-
order term depends on the properties of the mode; clea
the zeroth mode (m50) is the most unstable one.

The above asymptotic results have been verified b
comparison with the exact solution of the eigenvalue pr
lem ~8!, ~9! obtained numerically for the case

U~z!5
U0

coshz
, N~z!5

iN0

cosh2 z
. ~22!

It turns out that the asymptotic formula~21! describes the
first two modes relatively well, even for moderate wa
numbersk ~see Fig. 2!. One can also see that~21! does not
work very well for the higher modes, the reason of whi
being that those are ‘‘less localized’’ than the small-m modes
~it is well known that the localization radius, generall
grows with the mode number!.

B. Discussion

~1! Observe that, in principle, the growth of ou
asymptotic solution may not be due to instability, but due
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the accumulation of waves coming from infinity. The sim
plest way to eliminate this possibility is to prove that t
group velocity corresponding to the asymptotic eigenfu
tion ~20! is directed away from the origin.

~2! To do so, consider the ‘‘original’’ evolution equa
tion ~6! and assume that the solution is close to, but
quite, harmonic:

ŵ~z,t !5F~z,t !e2 iv0t,

where F is a slowly varying function of t. Expanding~6!
aboutz5z0 in a manner that is similar to how we expand
the harmonic equation~8!, we obtain

iTF t1Rh2F5Fhh . ~23!

Next, assuming that the solution is close to a normal mo
put

F~h,t !5A~h,t !f~h!e2 iv1t, ~24!

where f~h! and v1 are the eigenfunction and eigenvalu
and A(h,t) is a slowly varying function of both t and h.
Substituting~24! into ~23!, we obtain

iTAtf2~Ahhf12Ahfh!50.

The propagation speed of disturbances described by
equation can be defined as the ratio of the coefficients ofAh

andAt , or rather its real part,

c5ReS 2
2fh

iTf D .

Using expression~20! for f and taking the limith→`, we
obtain

c→ReF2
2

iT
~2R1/2h!G52h ImS R1/2

T D .

FIG. 2. Growth rate versus wave number, for flow~22! with N051, U0

51. Herem is the mode number and the dotted line shows the asympt
growth rate@formula ~21!#.
-

t

e,

,
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Solution~24! does not describe waves coming from6` only
if c has the same sign ash, i.e.,

ImS R1/2

T D>0. ~25!

SubstitutingT andR @given by ~17!# into criterion ~25! and
keeping in mind condition~19!, one can readily verify that
~25! holds for the growing mode~but does not hold for the
decaying mode!.

~3! It is worth mentioning that our results agree wi
the findings of Ref. 12, where an instability was observ
near the ‘‘tip’’ of the jet in plasma. On the other hand, th
regions with strong shear were found to be virtually stab

~4! It is interesting to compare our results to those o
tained for linearly sheared flows with constantN2,0.1–3 In
the latter case, the fluid is also locally unstable, yet the fl
is stable as a whole. In Ref. 2, this paradox was explained
‘‘phase mixing’’ inflicted on the disturbance by the shear.
principle, this interpretation agrees with our results obtain
so far, as the unstable disturbances found are localized
the ‘‘tip’’ of the jet, where the shear is locally zero.

An alternative explanation of the stability of linearl
sheared flows with constantN2,0 follows from the fact that
those do not support localized modes~see Ref. 1!, due to the
invariance of the problem with respect to shifting in thez
direction. Disturbances can freely travel across the flow,
the velocity shear ‘‘tears’’ them apart.~Observe that this ar-
gument is unapplicable to inversely stratified fluid in the a
sence of the flow, as, in this case, the frequency of dis
bances is imaginary and their speeds are zero.! In a jet, on
the other hand, disturbances are trapped. After several re
tions from the ‘‘slopes’’ of the jet, they form a normal mod
i.e., a structure that moves as a wholedespite the sheared
current. The shear can no longer tear the unstable dis
bances apart and thus prevent them from growing.

Observe that the alternative interpretation implies t
instability should be expected, not only for jets, but also
flows with any inhomogeneities in theirU andN profiles, as
long as those can support~trap! a normal mode. This conclu
sion will be examined in the next section.

IV. FLOWS WITH MONOTONIC PROFILES

Consider a flow with monotonicU(z). The short-wave
method used earlier produces no eigenvalues for this c
hence, we conclude that monotonically profiled flows a
unable to trapshortdisturbances. It is still unclear, howeve
if such flows can traplong disturbances. As those cannot b
examined asymptotically, we shall examine them nume
cally, by solving the Taylor–Goldstein equation~8! with
boundary condition~9!.

Various monotonic profiles were tested in a wide para
eter range, and inall cases unstable modes were found. W
shall present here the results for two particular cases.

Figure 3 shows the growth rate of the zeroth~most un-
stable! mode for

U~z!5U0 tanhz, N~z!5
iN0

cosh2 z
~26!

ic
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@observe that these profiles correspond to a constant Rich
son number, Ri5N2/(Uz)

2#. One can see that the shear r
duces the spectral range of instability, but, at the same ti
increases the growth rate. Note that, in all cases, the uns
mode disappears ask→`, which agrees with our asymptoti
results.

In order to find out if inhomogeneous density stratific
tion can trap disturbances by itself, without the ‘‘help’’ o
inhomogeneous shear, we have also considered

U~z!5U0z, N~z!5
iN0

cosh2 z
. ~27!

In this case~see Fig. 4!, shear reduces both the spectral ran
and growth rate, but never eliminates the instability co
pletely. We conclude that inhomogeneous stratification
alone cause instability, even in the case of constant she

V. SIMULATION OF THE NONLINEAR GOVERNING
EQUATIONS

Note that all our conclusions have been so far obtai
on the basis of normal-mode analysis. It should be kep
mind, however, that the set of eigenfunctions of the norm
mode problem~8!–~9! may be incomplete. Thus, in the cas
where no unstable modes have been found, the instab
can still occur with respect to disturbances of continuo
spectrum. Such cases are rare, as normal modes are us
excellent ‘‘indicators’’ of instability, yet it is a good idea t
verify our normal-mode analysis by direct numerical integ
tion of the exact~nonlinear! equations~1!.

In order to simplify the problem, we employed the tw
dimensional version of~1!, assumingv50, and that the re-
maining variables are independent ofy. This allows one to
introduce the streamfunctionc, such that

FIG. 3. The growth rate of the zeroth~most unstable! mode versus wave
number, for flow~26! ~N051, U050, 1, 2, 3!. The curve number corre
sponds to the value ofU0 .
rd-
-
e,
ble

-

e
-
n

.

d
in
l-

ity
s
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-

u52cz , w5cx ,

and the nondimensional density

r̃5
r

r0
.

Then, the governing equations~6! can be rewritten in the
form ~overtildes omitted!

¹2c t1J~c,¹2c!1grx50, r t1J~c,r!50, ~28!

whereJ(c,r)5cxrz2czrx is the Jacobian operator.
We tested the stability of flow~26! with N051 and vari-

ousU0 . Equations~28! were solved in a domain, which wa
periodic in x with a periodLx , and bounded by walls atz
56 1

2Lz , where we employed the no-flow boundary cond
tions,

c56 1
2A, at z56 1

2Lz ,

where

A52E
2~1/2!Lz

~1/2!Lz
U~z!dz

is the net flux of the flow. HereLz was chosen to be muc
larger than the ‘‘width’’ ofU(z) ~it turned out thatLz54 was
quite sufficient!. The simulations were initialized by random
noise inc andr.

The results of our simulations are summarized in Tab
and Fig. 5 shows examples of the evolution ofr(x,z,t) for
U050 and U051. In the former case@Fig. 5~a!# distur-
bances grow and the evolution is dominated by strong c
vective cells. In the latter case, these cells are not allowe
grow because of the shear flow, and elongated structures
observed@Fig. 5~b!#. The flow is still ~weakly! unstable, but
the unstable fluctuations are much smaller than those

FIG. 4. The growth rate of the zeroth~most unstable! mode versus wave
number, for flow~27! ~N051, U050, 1, 2, 3!. The curve number corre-
sponds to the value ofU0 .
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U050, and their structure is different. When stabilization
complete~for U052!, perturbations die out completely, an
the equivalent of Fig. 5 for this case would be a homo
neous square.

From the results summarized in Table I, one can a
observe that shear stabilizesshortdisturbances, whereaslong
disturbances can still be unstable. Indeed, when the com
tational domain is extended in thex direction ~when Lx is
increased from 4 to 6!, ‘‘new’’ long disturbances are intro-
duced into the system, and these disturbances happen
unstable. Overall, Table I shows that the results of the sim
lations agree well with the linear stability results~shown in
Fig. 3!. A similar agreement is also observed for the linea
profiled flow ~27!.

VI. CONCLUSIONS

The main result of this paper is the conclusion that, g
erally, shear cannot stabilize inversely stratified fluids o
plasmas. The ‘‘homogeneous’’~linearly profiled in U,
constant-N! flow considered by Kuo1 and Hassam2,3 turned
out to be a special case, as virtually any inhomogeneity
the U or N profiles would destabilize it. This conclusio
applies to jets~where it has been proven analytically in th
short-wave limit!, as well as to flows with monotonic profile
~several examples of which have been examined num
cally!. The instability is caused by inhomogeneities-trapp
disturbances, whereas the stability of the homogeneous
is due to its inability to trap disturbances. This conclusion
fact, is supported by the results of Kuo,1 who found unstable
modes for the homogeneous flowin a channel. Indeed, al-
though this flow’s profile cannot trap disturbances by itse
those are trapped due to reflection from the walls of
channel.

It should be mentioned, however, that, for jets, unsta
disturbances are localized near its tip~i.e., whereUz50!.
For flows with monotonic velocity profiles, in turn, althoug
the shear does not suppress instability completely, short
turbancesare stabilized; i.e., a threshold wave numberkc

exists, such that disturbances withk.kc are stable. We con
clude that, although shear does not stop instability, it s
restricts it either spatially or spectrally, which is an importa
difference from the usual Rayleigh–Taylor instability~in the
absence of the flow, inversely stratified fluids are unstabl
all points and all wavelengths!.

Moreover, we note that, in a domain bounded in thex
direction, the instability may be inhibitedcompletelyif the
size of the domain is sufficiently small,Lx<2p/kc . Thus,

TABLE I. A comparison of the linear stability results with the simulatio
results (Lz54).

N0 U0 Lx Linear stability analysis Nonlinear simulation

1 0 4 unstable unstable
1 0.5 4 unstable unstable
1 1 4 unstable unstable
1 2 4 stable stable
1 2 5 weakly unstable stable~just!
1 2 6 unstable unstable
-

o

u-

be
-

-

in

ri-
d
w

,
e

e

is-

ll
t

at

for the plasma case, where the wavelengths of disturban
are limited by geometrical factors, a sufficiently strong sh
may indeed stabilize the flow.
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