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ABSTRACT 

Benilov, E.S., Gnevyshev, V.G. and Shrira, V.I., 1992. Nonlinear interaction of a zonal jet and 
barotropic Rossby-wave turbulence: the problem of turbulent friction. Dyn. Atmos. Oceans, 16: 
339-353. 

Interaction of a zonal jet and small-amplitude Rossby-wave turbulence is studied within the 
framework of the barotropic r-plane model. It is demonstrated that turbulent-laminar interaction in 
this case transfers energy from the wave turbulence to the laminar flow (the effect of negative friction). 
We derive a conclusion that, as the geophysical turbulence is determined partly by wave turbulence and 
none of the traditional heuristic models can adequately describe the effect of negative friction 
associated with wave turbulence, the application of these models to the 'real' ocean and atmosphere is 
unreliable. 

It is also demonstrated that, as they are affected by the turbulence, all westward jets slowly expand 
without strengthening. Each jet has a core, within the limits of which the velocity of the fluid is 
constant. In some cases, the core expands faster than the jet periphery, resulting in jumps on the profile 
of the flow. All eastward jets are steady irrespective of their profiles. 

1. I N T R O D U C T I O N  

There exist two common idealizations in theoretical studies of geophysi- 
cal turbulence. The term strong turbulence usually describes a cascade of 
large-amplitude strongly nonlinear vortices, and weak turbulence imp!ies 
random motion induced by a stochastic spectrum of weakly nonlinear 
Rossby waves. In some respects the two types of turbulence are similar (e.g. 
both cause irreversible stretching of material lines (Benilov and Wolanski, 
1992)), but there are also some important differences. In the atmosphere, 
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both observations and numerical models indicate that the strong compo- 
nent  of the turbulence is likely to dominate weak-wave interaction; how- 
ever, experimental data on space- t ime structure of oceanic turbulence 
does not allow us to assess the contributions of strong and weak compo- 
nents to the total energy balance. 

We are concerned with the interaction of laminar and turbulent motions 
and, as an example of such, consider the interaction of weak Rossby-wave 
turbulence and a zonal jet in the barotropic ocean. The influence of strong 
turbulence is neglected, which allows us to transfer our problem into the 
framework of wave-flow interaction and divide it into three minor parts: 
(1) study of the scattering of each wave by the jet; (2) study of the reverse 
collective effect of the waves upon the jet; (3) study of the interaction of 
Rossby waves with each other. 

All three problems have been considered earlier; e.g. a detailed study of 
monochromatic Rossby-wave scattering by a given zonal jet (1) was made 
by Dickinson (1970). The problem of self-consistent evolution of the 
wave-jet  system has also been studied for the case of a monochromatic 
wave (a particular case of (2) + (3)) by many authors (see Killworth and 
Mclntyre (1985) and references therein). Thus, to develop a realistic model 
of the oceanic weak turbulence, we should generalize the results obtained 
earlier for the case of a wide spectrum of Rossby waves. An analogous 
problem in the context of internal-gravity-wave turbulence was considered 
by Lindzen and Holton (1968) and Tsimring (1982). However, these authors 
did not take into account the nonlinear wave interaction (3), which in the 
case of internal waves appears to be slow and therefore can be neglected. 
(The characteristic time of Rossby-wave 'three-wave' interaction is propor- 
tional to e-2 (where e is the wave amplitude), whereas that for internal 
waves is 'four-wave' and, consequently, proportional to e-4 (Zakharov, 
1974).) Thus in the case of Rossby waves, the wave interaction is relatively 
fast and must be taken into consideration. It can be described within the 
framework of a kinetic approach (e.g. Reznik, 1980). 

2. BASIC EQUATIONS 

The equations governing barotropic motion on the fl-plane are 

u t + (U2)x + (VU)y + p x = ( a  + f l y ) v  

V t + (UV)x  + (V2)y + p y =  - - ( a  + f l y )u  (1) 

U x + Vy = 0 

where (x, y) are the spatial variables (the x-axis has the eastward direc- 
tion), t is the time, (u, v) are the zonal and the meridional components  of 
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the velocity of the fluid, p is the pressure and (l~ + fly) is the (varying) 
Coriolis parameter.  We seek a solution in the form 

u = U(y,  t )+ eu'(x, y, t) 

v = Ev ' ( x ,  y,  t)  

p = P ( y , t ) + , p ' ( x ,  y,t) 
Here (U, P)  and (u',  v', p ' )  describe a zonal jet and the wave turbulence, 
respectively; ~ is the parameter  characterizing the wave amplitude. Clearly, 
mean values of random quantities are equal to zero: ( u ' ) - - ( v ' ) =  0, 
( p ' )  = 0 (here ( • ) denotes the average over the ensemble of realizations). 

Separating mean and random variables and introducing the stream 
function ~: 

u'= v'=C,x 

Describing the wave-induced velocity only, we have 

U, = e2<q, xq, r)r (2a) 

AffJ t + UA~b x + ([3 - -  U y y ) ~ J  x - e [ {  f f l x f f l y ) y y  - OxAd/y + fflyA~bx] = 0 (2b) 

(in obtaining (2), we used the statistical homogeneity of our system in the 
east-west  direction: (u'Z)x = (v'2)x = (u'V')x = 0). This system is an exact 
consequence of the original eqns. (1). 

We assume the amplitudes of Rossby waves to be small (E << 1), the 
effect of waves upon the jet to be weak and the evolution of the latter to be 
slow (in comparison with characteristic periods of the waves). Correspond- 
ingly, we can 'freeze' U(y, t), i.e. treat it as a function of slow time variable 
T = e 2 t :  V = e ( y ,  T) 4= U(y, t, T). At the game time, Rossby-wave field $ 
depends on T and the fast time t. Substituting in (3) O/Ot for ((O/Ot)+ 
e2(O/aT)) (i.e. treating t and T as independent  variables), we can drop in 
(2b) small terms of the order of e, E2: 

U:r-- E2 ( g'xq*y)y (3a) 

A$, + UA$x + (B - Uyr)dJx = 0 (3b) 

The right-hand-side term in (3a) describes the Reynolds stress. Using eqn. 
(3b), it can be calculated as a functional of U(y, T) and spectrum of the 
turbulence. Equation (3a) will then turn into a closed-form equation 
governing U(y, T). 

It should be noted that, during the interaction with a zonal flow, each 
(linear) Rossby wave conserves the zonal wavenumber k and the frequency 
to. The meridional wavenumber l, in its turn, does vary and can be fixed 
only far from the jet (at y---, +o o), where the waves are free and their 
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parameters satisfy the Rossby-wave dispersion relationship 

to = - i l k / (  k 2 + 12) (4a) 

The solution to the (linear) eqn. (3b) can be represented in the form of a 
Fourier (spectral) integral. The parameters 'numbering' the Rossby-wave 
spectrum are k and the oo-value of l: 

f t, T)4,(I,, t, y, r)  e i'°(k't)'-ikx dkdl  (4b) 

where ¢b(k, l, y, T) describes the scattering of the wave with the parame- 
ters (k, l) by the jet U(y, T), and a(k, l, T) can be interpreted as the 
spectrum of the turbulence far from the jet (at y ~ __+ 0o). Clearly, • is real 
only if 

a ( - k ,  - l , T ) = a * ( k , l , T )  (5a) 

6 ( - k ,  - l ,  y, T ) =  ~b*(k, l, y, T) (5b) 

where the asterisk denotes the complex conjugate. Statistical homogeneity 
of the turbulence in the absence of mean flow entails the equality 

( a ( k , l , T ) a ( k ' , l ' , T ) ) = ( k 2 + 1 2 ) - l s ( k , l , T ) 3 ( k + k ' ) 8 ( l + l ' )  (6) 

where 3(k) is the Dirac delta-function ((6) can also be treated as a formal 
definition of the energy spectral density S(k, l, ,T)). As S characterizes the 
structure of the turbulence far from the jet, its dependence on T is 
determined by some external factors (this question will be discussed in 
more detail below). It should be noted also that (5a) and (6) entail 

S ( - k , - I , T ) = S ( k , I , T )  

S (k , l , r )>~O 

which should be understood as constraints limiting the allowed values of 
S(k, l, r). 

Substitution of (4) into (3b) yields an equation for ~b: 

ckr,-  [oJ(k, l) +-i-6--ku + k 2 & = 0  (7a) 

where the term i0 corresponds, as usual, to the infinitesimal wave dissipa- 
tion. It regularizes the behaviour of ~b at the so-called critical layers, where 
the zonal component of the wave phase speed c(p~ ~= aJ/k coincides with 
local velocity of the flow: 

U(y,,) =c(p~ ) n = 1, 2 . . . .  N 

(here N is the total number of critical layers for a given value of c(,~)). For 
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Y 

U= Y2 U " 

.... ~-- Yl 

C~' (k, l, o)) 

Fig. 1. S t a t e m e n t  of  t h e  p r o b l e m .  Yl,2 a re  t he  cr i t ical  layers  of  a R o s s b y  wave  wi th  wave  
vector (k, l) and frequency to; U(y) is the velocity profile of the jet. 

example,  in the case of s ingle-maximum jets, N = 2 if Um~ > c ~  ) > Umin,  

and N =  0 if c~p~ ) > Um~ or c ~  ) < Umi n (see Fig. 1). Obviously, as the 
Rossby-wave phase speed is always directed westwards,  all eastward jets 
have no critical layers. 

The  viscous ' i0 ' -regularization of the critical layer is not  unique;  for 
example,  one  can take into account  infinitesimal nonl inear  effects, after 
which the solution also becomes  regular. Viscous, nonl inear  and some 
o ther  approaches  to critical-layer regularization have been  discussed by 
Killworth and Mclntyre  (1985). 

Equat ion  (7a) should be supp lemen ted  by boundary  condit ions at y ---, 
-t-o o, (where U tends  to z e r o - - w e  consider  jet-like flows only). Rossby 

waves are free there,  propagat ing  at their  group speeds: 

a(.O ~ ( k  2 - 12) 
c X>= = + t2) 

O~o 2~kl 
C(Y) = - -  = 

gr Ol ( k  2 + / 2 )  2 

One can see that,  if at y ~ + oo the group velocity of a wave is di rected 
towards the  jet, the  corresponding wave is incident  and, consequently,  has 
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an undisturbed amplitude. In terms of ~b, this condition yields 

C~ ~ e - i l y  + r e ily at y ~  - [ s ign  C~rY']oo / 
(7b) 

dp--~de -i'r at y -- [sign c~)]oo 
/ 

where the scattering coefficients r(k ,  l, T) and d(k,  l, T) characterize the 
amplitudes of the reflected and the penetrating waves, respectively. The 
boundary-value problem (7) determines r and d together with the eigen- 
function 4). 

Substituting (4) into (3a), making the integrand symmetrical and taking 
into account (6) and (5b), we have 

f f + 12)-15(k, l, T )Wy(k ,  l, y,  T)  d k d l  (8) 

where the Wronskian W -- i/[2(4~'4>y - 4~4~*)] is a piecewise constant func- 
tion and has jumps only at singular points of eqn. (7a), i.e. at the critical 
layers y = Yn. To calculate IVy, we construct the following combination of 
the eigenfunction 4~, eqn. (7a) and their complex conjugates: 

i /{2[(7a) .d~* - (7a)*. 4'1} -= 
1 

Wy +k( /3  - Uyy) 14,12 Im = 0  (9) 
oJ + iO - kU  

Substituting (9) into (8) and using the formula Im(oJ + i0)-1 = -zr6(oJ), we 
obtain 

+ e ) - ' s )  @ ku) d dZ 

Equation (10) and boundary-value problem (7) form a closed-form system 
governing the slow evolution of the jet. Within the framework of this 
system the spectrum of the 'incident' turbulence S(k ,  l, T) should be 
treated as an external parameter. 

3. THE EVOLUTION OF A ZONAL JET 

Critical layers play crucial role in wave-flow interaction. For example, 
the delta-function in (10) indicates that, within the framework of linear 
theory, each Rossby wave affects the mean flow only in its critical layers 
(the integral in (10) sums up contributions of all waves that have critical 
layers at a given point). On the other hand, critical layers determine the 
scattering properties of the mean flow: 

II--~ n=l  tUy ~ 1 ~ ] 2  (11) 
Y ~Yn 
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(see Appendix A). The left-hand side of (11) can be interpreted as the 
absorption coefficient of a Rossby wave (k, 1) by the zonal jet U(y). For 
example, eastward flows do not have critical layers at all, and the Rossby- 
wave scattering in this case is conservative: 

[rl2-ldl2=l 
In contrast to eastward flows, stable (/3 > Ury) westward jets do absorb 
waves in critical layers: 

IrlZ-ld]2<l 
The 'absorbing' properties of zonal jets entirely determine their time 
evolution. In particular, all eastward flows are steady irrespective of their 
profiles. Indeed, if U >  0, the argument of the delta-function in (10b) 
cannot turn into zero, and (10a) yields U r = 0. (It should be emphasized, 
however, that this conclusion is 'asymptotic', i.e. valid within the framework 
of our leading-order asymptotic theory.) 

An important conclusion can be derived from the sign of the right-hand 
side of eqn. (10) for the case of westward jets with/3 > Urr: 

U r < 0 f o r U < 0 .  

At T > 0, I UI begins to grow; hence, the turbulent-laminar interaction 
transfers energy from the Rossby-wave turbulence to laminar westward 
motion. This phenomenon can be interpreted as the effect of negative 
anisotropic friction. 

Unfortunately, any detailed description of the evolution of westward jets 
can be obtained only by using some additional assumption. Indeed, al- 
though the asymptotic system (7) and (10) is simpler than the original 
equations (1), it cannot be solved analytically in the general case (the main 
difficulty here is the calculation of I~12 at critical layers). Therefore, we 
shall consider the case of short-wave turbulence; this allows us to obtain 
14,121~=yn with the help of formula (11). 

We consider a westward jet with the minimum value of its velocity 
profile located at y = 0 (Fig. 1). It is convenient to number the critical 
layers as follows: 

Y l: sign[ Y lC~ )] < 0 

Y2: sign[ ,, ~y)l .r2,~g r ] > 0 

(see Fig. 1). If the incident wave is much shorter than the width of the jet, 
the wave energy is almost completely absorbed in the first critical layer: 

r = O ,  d --" O, q~ly=y2 ~ 0 
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(Dickinson, 1970). Correspondingly, (11) yields 

Y~Yl 

(One of the referees of this paper pointed out that the above formula can 
also be obtained as a consequence of the pseudo-momentum conservation 
law (Held, 1985; Held and Phillips, 1987).) Substituting (12) into (7), we 
obtain 

U r + G(U, T) IUy I --0 (13a) 

where 

G= f lllk2(k 2 +12)-xS8(to-kU)H[-ycg ,] dkdl 

(here H(c) is the Heaviside step function: H(c > 0) = 1, H(c < O) = 0). 
Introducing the polar variables, 

k = q c o s  O , l = q  s i n d  

and making use of the formula ~[f(q)] = I d f / d q  1-18(q -q0) ,  where qo is 
the root of the function f(q) (f(qo) = 0), we have 

1 - 2 £  2~r 1 T ] l s i n 2 0 [  H(-y.sinEO) dO } G(U, T, y)= zU S[(-fl/U)~, O, 

if U < O  
G(U,T,y)=O i f U > 0  

(13b) 

Equation (13) is of hyperbolic type and can be easily solved by means of the 
method of characteristics. 

We let the initial condition 

U[r=o=Uo(y) (14) 

be a negative function with its minimum value located at y = 0: U0(0)= 
Umi n < 0 (see Fig. 1). Then, the solution of the Cauchy problem (13), (14) 
can be written in the parametric form: 

Y = {:+fora+[Uo(¢),T '] dT' i f , > 0  (15a) 

-forG-[Uo(~),r '] dT' if~=<O 

U =  U0(~); (15b) 
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where 

8/ IdO } G += ½/3U -2 zS [ ( -  U 1 T] [sin 20  

(16) 

1 -2f)  ~/2 1 T] I sin 201 dO G-=   t3v o, 

It should be noted that G ÷ and G -  differ from each other only in their 
limits of integration, which 'cut out' the waves being absorbed at the 
northern and the southern 'slopes' of the jet, respectively. 

Evidently, parameterization (15a) does not cover the whole y-axis: there 
is a gap at 

-f0TG-[Umin, T '] dT' <Y < forG+[Umin, T' ] dT' (17a) 

where U is constant: 

V = Vmi  n (17b) 

Thus, each westward jet has a constant-velocity core which expands at a 
varying speed (equal to G-[Umin, T] + G+[Umin, T]). It should be noted, 
also, that the fluid velocity in the jet does not grow. 

The evolution of jet periphery (16) strongly depends on the behaviour of 
G + at U ~ 0, which, in its turn, depends on the asymptotic behaviour of 
the energy spectral density S(q, O, T) at q ~ oo. Indeed, we let S be a 
slowly decreasing function of q: 

S > const • q-4 

A typical sketch of G +(U) for this case is shown in Fig. 2a: one can see 
that characteristics (15a) with smaller values of the velocity U move along 
the y-axis at greater speeds G +(U). Correspondingly, any jet decreasing at 
y ~ _+ oo velocity profile, remains smooth and 'gently sloping' for all T > 0 
(see Fig. 3). For example, the equilibrium isotropic spectrum 

1 
S =  

const 1 + const 2 " q 2 

(Reznik, 1984) is of the slowly decreasing type and corresponds to the 
smooth pattern of jet behaviour. 

In the case of rapidly decreasing S, G ±(U) are not monotonic functions 
(see Fig. 2b), characteristics (15a) intersect and low values of U overtake 
the higher ones. This phenomenon is typical for nonlinear hyperbolic 
systems--from the physical point of view it means that the jet core expands 
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G ± 

G -+ (b) 

Fig. 2. Sketch of G ± vs. U (eqns. (16)). (a) the case of slowly decreasing S(k, 1); (b) the case 
of rapidly decreasing S(k, l). 

~y 

(1-=o) 

Y 
U=U rain 

y y 

U--U rnin ~"'1~ U U=U~ 

Fig.. 3. The evolution of a westward jet affected by turbulence with slowly decreasing energy 
spectral density (eqns. (15) and (17)). The core of the jet is shaded. The jet expands without 
strengthening and becomes increasingly 'gently sloping'. 
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faster than its periphery. The solution cannot remain smooth, and a 
tangential jump appears on the jet velocity profile. The short-wave approxi- 
mation of the turbulence fails before the jump appears, but it fails only for 
the waves that have their critical layers in the vicinity of the jump that 
appears. All other waves keep on being absorbed by the flow in front of 
and behind the jump-- thus ,  the steepening of the jet profile also contin- 
ues. In the end, the criterion /3 > Uyy is violated and the jet becomes 
unstable. The evolution of such locally supercritical flows was investigated 
by Shepherd (1988). 

4. HOW DOES THE JET AFFECT THE WAVE TURBULENCE? 

It is clear that the asymptotic system (7) and (10) does not describe the 
interaction of Rossby waves with each other. Indeed, as the wave ampli- 
tudes are small (of the order of E), their nonlinear interaction is slow and 
cannot affect the waves significantly as they cross the jet. However, waves 
do interact outside the jet, for the scattering by mean flow changes the 
spectral composition of the turbulence, violates its statistical equilibrium 
and, consequently, initiates the nonlinear wave interaction (in other words, 
the reflected waves interact with the incident ones). As a result, the jet is 
'dipped' into a domain of non-relaxed turbulence, where the waves are free 
and their evolution can be described using the so-called kinetic equation. 
Though the Rossby-wave kinetic equation was derived for spatially homo- 
geneous fields (e.g. Reznik, 1980), it can be easily generalized for the 
inhomogeneous case (as it has been for surface gravity waves (Hasselmann, 
1968), plasma waves (Vedenov and Rudakov, 1964), etc.): 

+ cg ey= st[el (18) 

where Y =  E2y is the slow meridional variable, E(k, l, T, Y) is the local 
energy spectral density and the functional St[E] is the so-called collision 
integral (see Appendix B). The evolution of turbulence is slow both in 
space and time, as the domain of non-relaxed turbulence is wide (ap- 
proximately E -2) in comparison with the width of the jet. One should 
understand system (7) and (10) and the kinetic eqn. (18) as the ' inner'  and 
'outer'  expansions of the original problem, respectively. As always, the 
(y = oo) value of the inner expansion must be matched with the (y = 0) 
value of the outer one: 

IE(k , l ,T ,Y)  ly=_o ifcCY)>O 
- 8 ~  - ( 1 9 a )  S(k, l ,T)=(E(k, l ,T,y)lr=+o if_g,c¢r)<O 
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The kinetic equation determines the 'incident' spectrum of wave turbu- 
lence; and conversely, wave scattering by the jet determines boundary 
conditions for the kinetic equation: 

E(k, /)lY= +0 -- I l) 12E(k, l) lr~ -o + I r(k, - t)  l E(k, /)l r= +0 

if ,-~y)tt- l) > 0 ~gr  \ ° ~ '  

E(k, l)lY=_0 = Id(k, l)12E(k, l ) lY=+0+ Ir(k, -l)12E(k, l ) lY=-0 

if ,-(y):t. l) < 0 ~gr  \ ' ~ '  

(19b) 

(as above, we treat the jet as a straight line Y = 0). Equations (7), (10), (18) 
and (19) constitute a closed-form system describing the interaction of a 
zonal jet with Rossby-wave turbulence and containing deterministic quanti- 
ties only. The latter is its main advantage in comparison with the original 
equations (1). 

It should be noted, also, that the wave turbulence is governed by an 
evolutionary equation, and as E and S depend on their initial values, one 
laminar flow can correspond to multiple distributions of the turbulence. 
Thus, the effect of turbulent friction cannot be 'parameterized' within the 
framework of turbulent-laminar interaction only (i.e. without knowledge of 
the source of the turbulence). In the case where the waves are generated by 
baroclinic instability, one might still hope to parameterize the structure of 
the turbulence using the instability theory. 

5. CONCLUSION 

Thus, we have studied the interaction of a zonal laminar jet with weak 
Rossby-wave turbulence. In our opinion, this particular problem deserves 
to be considered because: (1) the weak turbulence bears some of the 
characteristic features inherent to any turbulent motion in fluid; (2) the 
weak turbulence does exist in the ocean and atmosphere and deserves as 
much consideration as the strong one. 

The asymptotic system, governing the wave-jet  interaction and contain- 
ing deterministic quantities only, was derived. The system consists of: (1) a 
boundary-value problem (7), describing the scattering of each Rossby wave 
by the jet; (2) eqn. (10), describing the reverse collective effect of the waves 
upon the jet; (3) a boundary-value problem for the kinetic eqns. (18) and 
(19), describing the interaction of Rossby waves with each other and 
determining the spectrum of the 'incident' wave turbulence. 

• Two important conclusions can be derived directly from the form of the 
equations obtained: (1) the effect of turbulent friction is nonlinear, 
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anisotropic and negative; (2) as the spectrum of the turbulence is governed 
by an evolutionary equation, this effect cannot be parameterized without 
knowledge of the sources of the turbulence (e.g. baroclinic instability). 

For the case of short-wave turbulence, the solution, which describes the 
evolution of a zonal jet, has been constructed. This solution demonstrates 
that all westward jets slowly expand without strengthening. Each jet has a 
'core', within the limits of which the velocity of the fluid is constant. In 
some cases, the core of the jet expands faster than its periphery, resulting 
in jumps on the profile of the jet. All eastward jets (within the framework 
of the theory presented) are steady irrespective of their profiles. 

It should be noted, however, that in the terrestrial atmosphere (and 
almost certainly in that of Jupiter as well), there are significant Reynolds- 
stress divergences where the zonal flow is eastward, apparently contradict- 
ing the results obtained. Hypothetical mechanisms that may be responsible 
for wave-flow interaction in those cases were discussed by Feldstein and 
Held (1989) and Fyfe and Held (1990). Also, in the present model  the 
waves are created in a region of zero mean flow (and thus must have 
westward phase speed), whereas in the real atmosphere waves can be 
created by baroclinic instability of an eastward flow, and thus possess 
eastward (Doppler-shifted) phase speed. Apparently, critical layers pro- 
duced in eastward jets by such 'eastward-flow-created' waves can explain 
the discrepancy between our results and atmospheric observations. 

It is worth noting that none of the traditional diffusive-type models of 
turbulent- laminar  interaction (see Pedlosky, 1979) can provide a satisfac- 
tory description of the turbulent friction in the example considered. On the 
other hand, there are numerous manifestations of the negative friction 
effect in the ocean and the atmosphere (e.g. Lorenz, 1967; Ivchenko and 
Klepikov, 1985). It seems probable that this phenomenon  can be explained 
only within the framework of the wave-turbulence concept. 
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APPENDIX A: DERIVATION OF EQN. (11) 

I n t e g r a t i n g  (9) wi th  r e s p e c t  to y ove r  the  in te rva l  ( -  0% oo), we  have  

2) 
W l y - ' ~  - W i y - ,  - ®  = - ~ ' ( s i g  n k ) E iUr-----~l~b 

n = 1 Y=Yn 

(A1)  

O n  the  o t h e r  hand ,  wi th  the  he lp  o f  b o u n d a r y  cond i t ions  (7b), we  can  see  
t ha t  

W l y - ~ o ~ - W l y - ~ - o o  = - ( s i g n k ) l l l ( 1 -  I r l  2 -  [ d l  E ) (A2) 

E q u a t i n g  the  r i g h t - h a n d  sides o f  (A1)  and  (AE), we ob t a in  the  des i r ed  
f o r m u l a  fo r  t he  a b s o r p t i o n  coef f ic ien t  [eqn. (11)]. 



INTERACTION OF ZONAL JET AND BAROTROPIC ROSSBY-WAVE TURBULENCE 353 

A P P E N D I X  B: K I N E T I C  E Q U A T I O N  F O R  W E A K  T U R B U L E N C E  

The kinetic equation for spatially homogeneous Rossby-wave turbulence 
(e.g. Reznik, 1980) is 

Er (q )  = St[ E(q)] (B1) 

Here T =  e2t is the slow time, E(q, T) is the energy spectral density, 
q = (k, l) is the wave vector and St is the so-called collision integral: 

st=a r f f I(q, ql, q2)[I(q, ql, q2)E(ql)E(q2) + I(q2, q, q l )E(q)E(q l )  

+I (q l ,  q2, q)E(q2)E(q)] 
~(q--ql--q2)~[to(q)--tO(ql)--to(q2)] dql dq2 

where 

[(q, ql, q2)=(llk2-kll2)(q~-q2)/(qqlq2) 
to(q) = - flk / q  z 

are the coefficient of nonlinear interaction and the frequency of Rossby 
waves. 

In another particular case, where the nonlinear wave interaction is 
negligible, but the wave field is smoothly modulated in space, the equation 
governing weak turbulence is 

Er(q)  + C~r)(q)Ex(q) + c~)(q)Ey(q)  = 0 (B2) 

where Cg r = (c~ x), c~g~ )) is the group velocity of Rossby waves, (X, Y ) =  
( ~ 2 X ,  E 2 y )  2 and E- determines the spatial scale of the modulation. Appar- 
ently, this equation is applicable to all types of dispersive waves, for 
example, surface water waves (Hasselmann, 1968) and plasma waves 
(Vedenov and Rudakov, 1964). 

An equation describing both nonlinear interaction and group transfer, 
has to be a combination of eqns. (B1) and (B2): 

Er(q)  + c~) (q)Ex(q)  + c~Y~)(q)Er(q) = St[ E(q)] (a3) 

This heuristic derivation of the kinetic equation for spatially inhomoge- 
neous Rossby-wave turbulence is not rigorous. A more straightforward 
procedure starting from the original system (1) could be developed simi- 
larly to the case of surface waves (Hasselmann, 1968). Obviously, it would 
yield exactly the same equation. 

Equation (18) used in the present paper follows from (B3) in the case of 
homogeneity in the X-direction. 


