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Abstract

In [2] a counterexample of an anisotropic triangulation was given on which
the exact solution has a second-order error of linear interpolation, while the
computed solution obtained using linear finite elements is only first-order
pointwise accurate. This example was given in the context of a singularly
perturbed reaction-diffusion equation. In this paper, we present further ex-
amples of unanticipated pointwise convergence behaviour of Lagrange finite
elements on anisotropic triangulations. In particular, we show that linear fi-
nite elements may exhibit lower than expected orders of convergence for the
Laplace equation, as well as for certain singular equations, and their accuracy
depends not only on the linear interpolation error, but also on the mesh topol-
ogy. Furthermore, we demonstrate that pointwise convergence rates which
are worse than one might expect are also observed when higher-order finite
elements are employed on anisotropic meshes. A theoretical justification will
be given for some of the observed numerical phenomena.

Keywords: anisotropic triangulation, maximum norm, layer solutions,
anisotropic diffusion, Lagrange finite elements

1. Introduction

There is a perception in the finite element community, which the author
of this article also shared until recently, that the finite element solution error
in the maximum norm (and, in fact, any other norm) is closely related to
the corresponding interpolation error. It is worth noting that an almost best
approximation property of finite element solutions in the maximum norm
has been rigourously proved (with a logarithmic factor in the case of linear
elements) for some equations on quasi-uniform meshes [5, 6]. To be more
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precise, with the exact solution u and the corresponding computed solution
uh in a finite element space Sh, one enjoys the error bound

‖u− uh‖L∞(Ω) ≤ C`r̄h inf
χ∈Sh

‖u− χ‖L∞(Ω), (1.1)

see [5] for the Laplace equation −4u = f with `h = ln(1/h), and [6] for
singularly perturbed equations of type −ε24u+u = f with `h = ln(2+ε/h).
Here h is the mesh diameter, C is a positive constant, independent of h and,
in the latter case, ε, while r̄ = 1 for linear elements and r̄ = 0 for higher-order
elements in [5], and r̄ = 1 in [6].

Importantly, the proofs of (1.1) were given only for quasi-uniform meshes,
while no such result is known for reasonably general strongly-anisotropic
triangulations. In fact, a counterexample of an anisotropic triangulation
was given in [2] on which the exact solution has a second-order error of
linear interpolation, while the computed solution obtained using linear finite
elements is only first-order pointwise accurate. Interestingly, it was also
shown that, unlike the case of shape-regular meshes, the convergence rates
on anisotropic meshes may depend not only on the linear interpolation error,
but also on the mesh topology. (The latter is also reflected on Fig. 1, left,
when r = 1 and the triangulations of types A and C of Fig. 2 are used.)

The example in [2] was given in the context of a singularly perturbed
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Figure 1: Maximum nodal errors of Lagrange finite elements of degree r = 1, 2, 3 on
uniform anisotropic triangulations of types A and C in the domain (0, 2ε) × (0, 1) for
u = e−x/ε, ε = 10−3 (left) and ε = 1 (right); the dashed lines correspond to N−p for
p = 1, 2, 3, 4.
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Figure 2: Triangulations A, B and C are obtained from the same rectangular tensor-
product grid by drawing diagonals in a different manner; the number of intervals in each
coordinate direction is O(N).

reaction-diffusion equation, and only linear finite elements were considered.
The purpose of this article is to give further examples of unanticipated con-
vergence behaviour of Lagrange finite element methods on anisotropic trian-
gulations.

• We show that linear finite elements may be only first-order pointwise
accurate also for the Laplace equation, and less than second-order ac-
curate for certain singular equations.

• Our findings for the Laplace equation immediately imply that linear
finite elements may be only first-order pointwise accurate when applied
to an anisotropic diffusion equation on quasi-uniform triangulations.

• Effects of the lumped-mass quadrature on the accuracy of linear finite
elements are investigated. It is shown that the lumped-mass quadrature
may in certain situations (although not always) improve the orders of
convergence from one to two.

• We demonstrate that pointwise convergence rates which are inconsis-
tent with (1.1), and thus worse than one might expect, are also ob-
served when higher-order finite elements are employed on anisotropic
triangulations.

We shall consider standard Galerkin finite element approximations with
Lagrange finite element spaces of fixed degree r ≥ 1, as well as the lumped-
mass version of linear elements. As we are interested in counter-examples,
our consideration will be restricted to rectangular domains and triangula-
tions obtained from certain tensor-product grids by drawing diagonals in
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each rectangular element (as on Fig. 2). The underlying tensor-product grids
will always have O(N) intervals in each coordinate direction, and will be
chosen to ensure that, once the diagonals are drawn in any manner in each
rectangular element, the interpolation error bound ‖u − uI‖ ≤ CN−(r+1)

holds true for the considered exact solution u and its Lagrange interpolant
uI ∈ Sh of degree r. For example, when linear finite elements are considered,
we have ‖u − uI‖ ≤ CN−2, and, furthermore, the considered triangulations
are quasi-uniform under the Hessian metric. The latter implies that the grids
are not made unnecessarily over-anisotropic. It also implies that similar grids
may be expected to be obtained using an anisotropic mesh adaptation.

Some of our findings for Lagrange finite elements of degree r = 1, 2, 3 are
summarized on Fig. 1 (see §2 and §4 for further details). Here the exact solu-
tion is e−x/ε in the domain (0, 2ε)× (0, 1), and the triangulations of types A
and C of Fig. 2 are obtained from a uniform rectangular tensor-product grid.
When ε = 1 (right), with the meshes remaining quasi-uniform, we observe
a textbook behaviour consistent with (1.1), with the convergence rates close
r+1. The only exception is the case of quadratic elements on triangulation A,
when the nodal superconvergence rates are close to r + 2 = 4. By contrast,
once one switches to a much smaller ε = 10−3 (left), and the triangulations
accordingly become anisotropic, the convergence rates deteriorate to only r,
with the exception of linear elements on triangulation A.

The paper is organised as follows. The effects of the mesh topology (i.e.
of how the diagonals are drawn in rectangular elements) on the convergence
rates of linear elements are investigated in §2. A singularly pertubed equa-
tion, the Laplace equation and a singluar equation will be considered, Next,
in §3, we address the effects of the lump-mass quadrature on the accuracy of
linear finite element solutions. In §4 quadratic and cubic finite elements are
considered. Finally, in §5, we give a theoretical justification for some of the
presented numerical phenomena, which relies on finite difference representa-
tions of the considered finite element methods.

2. Linear finite elements: effects of mesh topology

In this section, triangulations of types shown on Fig. 2 in rectangular
domains will be compared, with the underlying rectangular mesh being the
tensor-product of a mesh {xi}Ni=0 in the x-direction and the uniform mesh
{ j
M
}Mj=0 in the y-direction, where M = 1

4
N . Two domains will be considered.

When Ω = (0, 2ε)× (0, 1), we let the mesh {xi} be uniform on (0, 2ε). When
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Table 2.1: Linear elements for equation (2.1) on the Bakhvalov tensor-product mesh in
(0, 1)2 with γ = 0.8, M = 1

4N : maximum nodal errors and computational rates p in N−p

Triangulation A Triangulation C
N ε = 1 ε = 2−8 ε ≤ 2−16 ε = 1 ε = 2−8 ε ≤ 2−16

32 3.56e-6 1.42e-3 1.43e-3 2.46e-4 2.20e-2 2.21e-2
1.99 2.01 2.01 2.00 1.04 1.03

64 8.94e-7 3.53e-4 3.55e-4 6.14e-5 1.07e-2 1.08e-2
2.00 2.02 2.00 2.00 1.05 1.01

128 2.24e-7 8.71e-5 8.87e-5 1.54e-5 5.18e-3 5.39e-3
2.00 2.05 2.00 2.00 1.13 1.01

256 5.60e-8 2.10e-5 2.22e-5 3.85e-6 2.36e-3 2.68e-3

N
o

q
u
ad

ra
tu

re

32 3.55e-06 1.07e-03 1.07e-03 2.47e-4 1.54e-2 1.54e-2
1.99 1.99 1.99 2.00 1.08 1.07

64 8.94e-07 2.69e-04 2.70e-04 6.17e-5 7.32e-3 7.35e-3
2.00 2.00 2.00 2.00 0.99 0.97

128 2.24e-07 6.73e-05 6.76e-05 1.54e-5 3.69e-3 3.76e-3
2.00 2.00 2.00 2.00 1.05 0.99

256 5.60e-08 1.68e-05 1.69e-05 3.85e-6 1.78e-3 1.90e-3

M
as

s
lu

m
p
in

g

Ω = (0, 1)2, the mesh {xi} will be a version of the Bakhvalov mesh [1], which
we now describe.
Bakhvalov mesh [1]. For some γ ∈ (0, 1), set σ := ε(r + 1)(γ−1| ln ε| + 1). If
σ ≥ 1

2
, let {xi}Ni=0 be a uniform mesh on [0, 1]. Otherwise, define the mesh

{xi}N/2i=0 on [0, σ] by xi := x
(
[1 + γ − ε] 2i

N

)
, where

x(t) :=

{
ε(r + 1)γ−1t, t ∈ [0, γ]

ε(r + 1)[1− γ−1 ln(1 + γ − t)], t ∈ [γ, 1 + γ − ε] .

The remaining part of the mesh {xi}Ni=N/2 on [σ, 1] is uniform. Note that

on [0, 2ε] this mesh is also uniform, with xi − xi−1 = O(εN−1). In all our
experiments, we shall use γ = 0.8.

2.1. Singularly perturbed equation

We start with the singularly perturbed reaction-diffusion equation con-
sidered in [2]

− ε24u+ u = 0, (2.1)

5



Table 2.2: Linear elements for equation (2.1) on the uniform mesh in (0, 2ε) × (0, 1),
M = 1

4N : maximum nodal errors and computational rates p in N−p

Triangulation A Triangulation C
N ε = 1 ε = 2−8 ε ≤ 2−16 ε = 1 ε = 2−8 ε ≤ 2−16

32 1.65e-5 5.02e-5 5.02e-5 2.81e-4 4.07e-3 4.07e-3
1.99 2.00 2.00 2.00 1.01 1.01

64 4.15e-6 1.25e-5 1.26e-5 7.02e-5 2.02e-3 2.03e-3
2.00 2.01 2.00 2.00 1.02 1.00

128 1.04e-6 3.12e-6 3.14e-6 1.76e-5 9.93e-4 1.01e-3
2.00 2.02 2.00 2.00 1.08 1.00

256 2.59e-7 7.69e-7 7.85e-7 4.41e-6 4.70e-4 5.05e-4

N
o

q
u
ad

ra
tu

re

32 1.65e-5 4.77e-5 4.77e-5 2.89e-4 2.98e-3 2.99e-3
1.99 2.00 2.00 2.02 1.02 1.02

64 4.14e-6 1.19e-5 1.19e-5 7.15e-5 1.47e-3 1.48e-3
2.00 2.00 2.00 2.01 1.02 1.01

128 1.04e-6 2.98e-6 2.98e-6 1.78e-5 7.26e-4 7.34e-4
2.00 2.00 2.00 2.00 1.05 1.00

256 2.59e-7 7.46e-7 7.46e-7 4.43e-6 3.51e-4 3.66e-4

M
as

s
lu

m
p
in

g

posed in a rectangular domain Ω, subject to Dirichlet boundary conditions,
with the exact solution u = e−x/ε.

The maximum nodal errors of the linear finite element method applied
to this equation are presented in Tables 2.1 and 2.2. The Bakhvalov mesh
in the domain (0, 1)2 and the uniform mesh in the domain (0, 2ε) × (0, 1)
were considered. For the latter case, see also Fig. 1, r = 1. Note that here
and in all our tables below, the notation ε ≤ 2−16 is used for ε = 2−k with
k = 16, . . . , 24, and whenever the computational rates of convergence become
substantially lower than r + 1, they are highlighted in bold face.

We observe that when the triangulations of type A are used, the conver-
gence rates are consistent with the linear interpolation error, and thus with
(1.1). Once we switch to the corresponding triangulations of type C, the
convergence rates deteriorate from r + 1 = 2 to 1 for small values of ε. We
conclude that whether linear finite elements are used without quadrature or
with lumped-mass quadrature, their accuracy depends not only on the linear
interpolation error, but also on the mesh topology.
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Table 2.3: Laplace equation with the exact solution u = e−x/ε in the domain (0, 2ε)×(0, 1),
lumped-mass linear elements on the uniform mesh, M = 1

4N : maximum nodal errors and
computational rates p in N−p

Triangulation A Triangulation C
N ε = 1 ε = 2−8 ε ≤ 2−16 ε = 1 ε = 2−8 ε ≤ 2−16

64 4.45e-6 1.67e-5 1.67e-5 7.17e-5 1.92e-3 1.93e-3
2.00 2.00 2.00 2.01 1.02 1.01

128 1.11e-6 4.17e-6 4.17e-6 1.78e-5 9.47e-4 9.62e-4
2.00 2.00 2.00 2.00 1.07 1.00

256 2.79e-7 1.04e-6 1.04e-6 4.43e-6 4.52e-4 4.80e-4
2.00 2.00 2.00 2.00 1.22 1.00

512 6.97e-8 2.61e-7 2.61e-7 1.11e-6 1.95e-4 2.40e-4

2.2. Laplace equation. Anisotropic diffusion

We shall now consider the Laplace equation −4u = f(x, y) with the
same exact solution u = e−x/ε subject to the Dirichlet boundary conditions.
This problem will be considered in the domain (0, 2ε) × (0, 1). (When the
Bakhvalov mesh is used in (0, 1)2, one gets similar numerical results.)

The maximum nodal errors of the lumped-mass linear finite element
method applied to this equation are presented in Table 2.3. Similarly to
the case of equation (2.1), we again observe that when the triangulations
of type A are used, the convergence rates are consistent with the linear in-
terpolation error, while on the corresponding triangulations of type C, the
convergence rates deteriorate from r + 1 = 2 to 1 for small values of ε.

Note that the Laplace equation in the domain (0, 2ε)×(0, 1) can be rewrit-
ten as the anisotropic diffusion equation −ûxx− ε2ûyy = f̂(x, y) posed in the
domain (0, 2) × (0, 1) with the exact solution û(x) = u(εx) = e−x. Note
also that the considered anisotropic uniform triangulations in (0, 2ε)× (0, 1)
correspond to quasi-uniform triangulations in (0, 2) × (0, 1). Consequently,
our observations for the Laplace equation immediately imply that linear fi-
nite elements may be only first-order pointwise accurate when applied to an
anisotropic diffusion equation on quasi-uniform triangulations.

A theoretical justification of only first-order accuracy on the considered
triangulations of type C, as well as certain more general locally anisotropic
triangulations, will be given in §5.2.
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2.3. Singular equations on graded anisotropic meshes

Next, we shall consider a version of the test problem from [4]

−4u+ f(u) = 0, f(u) := −1
4
u−3, (2.2)

posed in the square domain (0, 1)2, with the exact solution u = x1/2, subject
to the appropriate Dirichlet boundary conditions. Following [4], f will be
replaced in our computations by f̃(u) := −1

4
max{u, µ}−3 with some small

positive µ. Note (see, e.g.,[4, (5.1)]) that the corresponding exact solution ũ
satisfies 0 ≤ u− ũ ≤ µ.

For this problem we shall consider the linear finite element method in the
form

(∇uh,∇χ) + (f̃(uh)
I , χ) = 0 ∀χ ∈ Sh, (2.3)

where f̃(uh)
I is the standard piecewise-linear Lagrange interpolant of f̃(uh).

The lumped-mass version of this method will also be considered, which is

obtained from (2.3) by replacing (f̃(uh)
I , χ) with

∫
Ω

(
f̃(uh)χ

)I
. The discrete

nonlinear problems are solved using the damped Newton method.
To satisfy |u − uI | ≤ CN−2, the graded mesh xi = (i/N)4 is employed.

We set µ = N−2 in all our computations. Note that if µ is chosen too small, it
appears that the errors for the method (2.3) become dominated by O(h2

1/µ
3),

where h1 = x1 − x0, while our choice µ = N−2 does not affect the rates of
convergence. Note also that for the lumped-mass version there are no such
restrictions on µ, and one can use, for example µ = O(N3).
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Figure 3: Singular equation (2.2): maximum nodal errors for linear finite elements on
graded anisotropic triangulations A and B.
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Triangulations of types A and B were considered, with the maximal nodal
errors shown on Fig. 3. We again observe that the computational rates of
convergence for the triangulations of type A are consistent with the linear
interpolation errors, and thus with (1.1), while once we switch to the trian-
gulations of type B, the convergence rates become lower that 3/2. In other
words, the convergence rates on the considered graded anisotropic meshes
depend not only on the linear interpolation error, but also, and very consid-
erably, on the mesh topology.

3. Linear finite elements: effects of lumped-mass quadrature

In this section, we are interested in the the effects of the lumped-mass
quadrature on the accuracy of linear finite elements. It will be shown that
the lumped-mass quadrature may in certain situations (although not always,
as was demonstrated in §2) improve the orders of convergence from 1 to 2.

As a test problem we again use the singularly perturbed equation (2.1)
with the exact solution u = e−x/ε in the rectangular domains (0, 2ε)× (0, 1)
and (0, 1)2. Triangulations of types A and B of Fig. 2 will be considered,
with the underlying grid being uniform in the domain (0, 2ε) × (0, 1), and
the tensor-product of a Shishkin-type grid in the x-direction and the uniform
grid in the y-direction in the domain (0, 1)2. Piecewise-uniform layer-adapted
Shishkin grids are frequently employed in the numerical solution of equations
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Figure 4: Maximum nodal errors of linear finite elements for equation (2.1) on triangula-
tions A and B for ε = 10−3: uniform mesh (0, 2ε)× (0, 1) and Shishskin mesh in (0, 1)2.
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Table 3.1: Linear elements for equation (2.1) on the uniform mesh in (0, 2ε) × (0, 1),
M = 1

4N : maximum nodal errors and computational rates p in N−p

Triangulation B

No quadrature Mass lumping
N ε = 1 ε = 2−8 ε ≤ 2−16 ε = 1 ε = 2−8 ε ≤ 2−16

32 4.44e-5 1.93e-3 1.93e-3 1.65e-5 4.77e-5 4.77e-5
2.74 1.02 1.02 1.99 2.00 2.00

64 6.65e-6 9.49e-4 9.54e-4 4.14e-6 1.19e-5 1.19e-5
2.45 1.03 1.01 2.00 2.00 2.00

128 1.22e-6 4.64e-4 4.74e-4 1.04e-6 2.98e-6 2.98e-6
2.12 1.09 1.00 2.00 2.00 2.00

256 2.79e-7 2.17e-4 2.36e-4 2.59e-7 7.46e-7 7.46e-7

Table 3.2: Linear elements for equation (2.1) on the Shishkin tensor-product mesh in
(0, 1)2 with M = 1

4N : maximum nodal errors and computational rates p in (N−1 lnN)p

Triangulation B

No quadrature Mass lumping
N ε = 1 ε = 2−8 ε ≤ 2−16 ε = 1 ε = 2−8 ε ≤ 2−16

32 2.38e-5 2.45e-2 2.46e-2 3.55e-6 2.80e-3 2.80e-3
3.74 1.12 1.10 2.70 1.96 1.96

64 3.52e-6 1.38e-2 1.40e-2 8.94e-7 1.03e-3 1.03e-3
3.65 1.15 1.06 2.57 1.99 1.99

128 4.92e-7 7.41e-3 7.90e-3 2.24e-7 3.51e-4 3.51e-4
3.43 1.32 1.03 2.48 2.00 2.00

256 7.20e-8 3.54e-3 4.43e-3 5.60e-8 1.15e-4 1.15e-4

of type (2.1) [7, 3]. The Shishkin grid that we consider has the transition
parameter σ = min

{
2ε lnN, 1

2

}
and equal numbers of grid points on (0, σ)

and (σ, 1), so a calculation shows that the interpolation error |u − uI | ≤
CN−2 ln2N .

The maximum nodal errors are given in Table 3.1 for the uniform mesh
and in Table 3.2 for the Shishkin mesh; for ε = 10−3 see also Fig. 4. We
observe that while the triangulations of type A are used, whether no quadra-
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Table 4.1: Quadratic elements for equation (2.1) on the Bakhvalov tensor-product mesh
in (0, 1)2, M = 1

4N : maximum nodal errors and computational rates p in N−p

Triangulation A Triangulation C
N ε = 1 ε = 2−8 ε ≤ 2−16 ε = 1 ε = 2−8 ε ≤ 2−16

32 1.12e-8 8.06e-4 8.28e-4 2.96e-7 1.08e-3 1.10e-3
3.84 2.10 2.01 3.00 2.27 2.19

64 7.82e-10 1.87e-4 2.06e-4 3.69e-8 2.25e-4 2.41e-4
3.89 2.29 2.00 3.00 2.38 2.11

128 5.28e-11 3.83e-5 5.13e-5 4.62e-9 4.32e-5 5.58e-5
3.92 2.67 2.00 3.00 2.69 2.06

256 3.48e-12 6.02e-6 1.28e-5 5.77e-10 6.70e-6 1.33e-5

ture or the mass-lumped quadrature is employed, the errors are consistent
with the linear interpolation errors, and thus with (1.1). Once we switch to
the triangulations of type B, we observe a similar convergence behaviour for
the lumped-mass quadrature version, however the rates of convergence dete-
riorate to 1 (with the logarithmic factor in the case of the Shishkin mesh) if
no quadrature is used. Note that here the situation is entirely different from
what was observed in §2.1, where all numerical results were qualitatively
independent of the quadrature.

A theoretical justification of lower-order accuracy on the considered tri-
angulations of type B, as well as certain more general locally anisotropic
triangulations, will be given in §5.3.

4. Higher-order elements on anisotropic triangluations

Next, we shall numerically investigate quadratic and cubic Lagrange finite
elements applied to the singularly perturbed equation (2.1) with the exact
solution u = e−x/ε, posed in the domains (0, 1)2 and (0, 2ε)× (0, 1). In these
domains we respectively consider the Bakhvalov and the uniform rectangular
grids described in §2. This ensures that the interpolation error is O(N r+1),
while the maximum nodal errors are shown on Fig. 1, see r = 2, 3, and
presented in Tables 4.1 and 4.2 for r = 2, and in Table 4.3 for r = 3.

When ε = 1, the triangulations remain quasi-uniform, and we observe a
textbook behaviour consistent with (1.1), with the convergence rates close
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Table 4.2: Quadratic elements for equation (2.1) on the uniform mesh in (0, 2ε) × (0, 1),
M = 1

4N : maximum nodal errors and computational rates p in N−p

Triangulation A Triangulation C
N ε = 1 ε = 2−8 ε ≤ 2−16 ε = 1 ε = 2−8 ε ≤ 2−16

32 4.59e-8 1.14e-5 1.15e-5 1.85e-6 1.27e-5 1.28e-5
3.84 2.03 2.00 2.99 2.11 2.07

64 3.20e-9 2.79e-6 2.88e-6 2.33e-7 2.94e-6 3.03e-6
3.89 2.13 2.00 2.99 2.16 2.04

128 2.15e-10 6.37e-7 7.19e-7 2.92e-8 6.57e-7 7.39e-7
3.93 2.42 2.00 3.00 2.43 2.02

256 1.42e-11 1.19e-7 1.80e-7 3.66e-9 1.22e-7 1.82e-7

r+1. The only exception is the case of quadratic elements on triangulation A,
when the nodal superconvergence rates become close to r+ 2 = 4. However,
as ε takes considerably smaller values, and the triangulations accordingly
become anisotropic, the convergence behaviour changes quite dramatically,
with the convergence rates deteriorating to only r. Note that in contrast
to linear elements, the mesh topology (i.e. whether triangulations of type
A or C are used) does not seem to affect the rates of convergence, which
consistently remain lower than one may conjecture motivated by (1.1).

Table 4.3: Cubic elements for equation (2.1) on the uniform mesh in (0, 2ε) × (0, 1),
M = 1

4N : maximum nodal errors and computational rates p in N−p

Triangulation A
N ε = 1 ε = 2−8 ε = 2−16 ε = 2−24

16 9.68e-08 1.89e-07 1.89e-07 1.89e-07
3.87 3.23 3.22 3.22

32 6.60e-09 2.01e-08 2.02e-08 2.02e-08
3.94 3.15 3.12 3.12

64 4.31e-10 2.25e-09 2.33e-09 2.33e-09
4.01 3.25 3.07 3.06

128 2.68e-11 2.37e-10 2.77e-10 2.80e-10
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5. Theoretical justification

In this section, we give a theoretical justification for some of the numer-
ical phenomena presented in the previous sections. For this purpose, it is
convenient to look at the considered finite element methods as certain finite
difference schemes on the underlying rectangular tensor-product meshes.

5.1. Linear elements for singularly perturbed equation (2.1)

The theoretical justification of the numerical phenomena of §2.1 is ad-
dressed in [2]. Here we briefly describe the setting and the main results of
[2, §3], as they will be useful in the forthcoming analysis.

Suppose Ω ⊃ Ω̊, where the subdomain Ω̊ and the tensor-product grid ω̊h
in this subdomain are defined by

Ω̊ := (0, 2ε)×(−H,H), ω̊h := {xi = hi}2N0
i=0 ×{−H, 0, H}, h = ε

N0
. (5.1)

The triangulation T̊ of type C in Ω̊ obtained from the rectangular grid ω̊h is
shown on Fig. 5 (compare with Fig. 2, right).

Next, let U denote the linear finite element solution obtained on some
triangulation T ⊃ T̊ in the global domain Ω, while for its nodal values in Ω̊
we shall use the notation

Ui := U(xi, 0), U±i := U(xi,±H).

A calculation yields a finite difference representation in the lumped-mass case:

Lhl.m.U(xi, 0) := ε2

h2
[−Ui−1+2Ui−Ui+1]+ ε2

H2 [−U−i +2Ui−U+
i ]+γiUi = 0 (5.2a)

0
−H

0

H

ε ε2

Figure 5: Triangulation T in Ω (left); anisotropic subtriangulation T̊ ⊂ T of type C is
enlarged and stretched in the x-direction (right).
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for i = 1, . . . , 2N0 − 1, where

γi = 1 for i 6= N0, γN0 = 2
3
. (5.2b)

If no quadrature is used, for i = 1, . . . , 2N0 − 1 one gets

LhU(xi, 0) := Lhl.m.U(xi, 0)− 1
12

∑
(x′,y′)∈Si

[Ui − U(x′, y′)] = 0, (5.3)

where Si denotes the set of meshnodes that share an edge with (xi, 0).
Note that if we had γi = 1 ∀ i , then (5.2a) would become the standard

finite difference scheme for (2.1). The difference in the value of γi at a single
point (xN0 , 0), where the truncation error is O(1), results in the deterioration
of pointwise accuracy to O(N−1

0 ), as described in following lemma.

Lemma 5.1 ([2]). Let u = e−x/ε be the exact solution of (2.1) posed in
Ω ⊃ Ω̊, a triangulation T in Ω include a subtriangulation T̊ of type C in
Ω̊ subject to (5.1), and U be the finite element solution on T obtained using
linear elements without quadrature or with the lumped-mass quadrature. For
any positive constant C2, there exist sufficiently small constants C0 and C1

such that if N−1
0 ≤ C1 and ε ≤ C2H, then

max
Ω̄
|U − u| ≥ C0N

−1
0 . (5.4)

Note that Lemma 5.1 applies to the triangulations of type C considered in
§2.1 with N0 = N/2 for the uniform grid in (0, 2ε)× (0, 1), and N0 = O(N),
for the Bakhvalov grid in (0, 1)2.

5.2. Lumped-mass linear elements for the Laplace equation

Next, we address the numerical results of §2.2 for the Laplace equation.
The following lemma applies to the uniform anisotropic triangulations of
type C in the domain (0, 2ε)× (0, 1) with N0 = N/2.

Lemma 5.2 (Laplace equation). Lemma 5.1 remains valid if the lumped-
mass linear finite element method is applied to the Laplace equation with the
exact solution u = e−x/ε.

Proof. A normalized version of (5.2a) for this case becomes

Lhl.m.U(xi, 0) := ε2

h2
[−Ui−1 + 2Ui − Ui+1] + ε2

H2 [−U−i + 2Ui − U+
i ] = −γiFi,

where Fi := ε24u(xi, 0) = e−xi/ε, while γi remains defined by (5.2b). Note
that γi = 1− 1

3
1i=N0 and γiFi = ε24u(xi, 0)− 1

3
e−1

1i=N0 , where we used the
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indicator function 1A equal to 1 if condition A is satisfied, and 0 otherwise.

(i) First, consider the auxiliary finite element solution Ů obtained on the
triangulation T̊ in Ω̊, subject to the boundary condition Ů = uI on ∂Ω̊. At
the interior nodes, Ů satisfies Lhl.m.Ů(xi, 0) = −γiFi for i = 1, . . . , 2N0 − 1.
We shall now prove that, for a sufficiently small constant C0, one has

[Ů − u](xN0 , 0) ≥ 2C0N
−1
0 . (5.5)

Let e := Ů − u and ei := e(xi, 0). As e(xi,±H) = 0, so Lhl.m.e(xi, 0) can
be rewritten in the form of a one-dimensional discrete operator Lhx applied
the vector {ei}2N0

i=0 as

Lhl.m.e(xi, 0) = Lhxei := ε2

h2
[−ei−1 + 2ei − ei+1] + 2ε2

H2 ei . (5.6)

On the other hand, Lhl.m.Ů(xi, 0) = −γiFi = 1
3
e−1

1i=N0 − ε24u(xi, 0), so the

standard truncation error estimation yields Lhxei = 1
3
e−1

1i=N0 +O
(
h2

ε2

)
.

To simplify the presentation, we shall complete the proof of (5.5) under
the condition C2 ≤ 2−1/2, while a comment on the case C2 > 2−1/2 will be
given at the end of this part of the proof. Introduce the barrier function

Bi := ε−1 min{xi, 2ε− xi} − 1
2
ε−2xi(2ε− xi).

A calculation shows that LhxBi = 2ε
h
1i=N0−1+ 2ε2

H2Bi. Combining Bi ≤ 1 with
2ε2

H2 ≤ 2C2
2 ≤ 1, we arrive at LhxBi ≤ 2ε

h
1i=N0 . As the operator Lhx satisfies the

discrete maximum/comparison principle, while Lhxei = 1
3
e−1

1i=N0 + O
(
h2

ε2

)
,

we conclude that ei ≥ 1
3
e−1 h

2ε
Bi − O

(
h2

ε2

)
. Noting that BN0 = 1

2
, while

h = εN−1
0 , yields e(xN0 , 0) = eN0 ≥ 1

12
e−1N−1

0 −O(N−2
0 ). This immediately

implies (5.5) for any constant C0 <
1
24
e−1 assuming N0 is sufficiently large.

For the case C2 > 2−1/2, one needs to slightly modify the above proof,
replacing Bi by 1

3
e−1h−1Gh

i , where Gh
i is the one-dimensional Green’s func-

tion for the discrete operator Lhx associated with i = N0; see [2, proof of
Lemma 3.3] for further details.

(ii) In view of (5.5), to establish (5.4), it suffices to show that

max
Ω̄
|U − uI | ≥ 1

2
max

Ω̊
|Ů − uI | =: 1

2
e̊, (5.7)

where uI is the standard piecewise-linear interpolant of u. Let Z := U − Ů
in Ω̊ and Zmax := supΩ̊ |Z|. Note that Lhl.m.Z(xi, 0) = 0, while Z = U −uI on
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∂Ω̊. As, by the discrete maximum principle, |Z| attains its maximum in Ω̊
on ∂Ω̊, so max∂Ω̊ |U −uI | = Zmax. On the other hand, U −uI = (Ů −uI) +Z
yields maxΩ̊ |U −uI | ≥ e̊−Zmax As the maximum of the two values e̊−Zmax

and Zmax exceeds their average 1
2
e̊, the desired relation (5.7) follows.

5.3. Linear finite elements without quadrature on triangulations of type B

Recall the numerical results of §3, where the singularly perturbed equa-
tion (2.1) was considered, and linear finite elements without quadrature on
triangulations of type B exhibited only first-order pointwise accuracy.

Lemma 5.3. If the subtriangulation T̊ in Ω̊ is of type B, Lemma 5.1 remains
valid for the linear finite element method without quadrature.

Note that Lemma 5.3 applies to the triangulations of type B considered
in §3, with N0 = N/2 for the uniform grid in (0, 2ε) × (0, 1), and N−1

0 =
O(N−1 lnN), for the Shishkin grid in (0, 1)2.

It was also observed in §3 that on the triangulations of type B, the
lumped-mass version exhibits second-order convergence rates, superior com-
pared to the version without quadrature. To understand this, note that the
subtriangulation T̊ in Ω̊ being now of type B implies that the lumped-mass
version can again be represented as (5.2a), only with γi = 1 ∀ i. The new
definition of γi is superior compared to γi = 1 − 1

3
1i=N0 , which one has for

similar triangulations of type C. Consequently, for the triangulations of type
B, we no longer observe only first-order accuracy described by Lemma 5.1.

As to the version without quadrature, one again has (5.3), so the addi-
tional terms − 1

12

∑
[Ui−U(x′, y′)] in LhU(xi, 0) lead to the following version

of (5.6):

Lhe(xi, 0) = Lhxei :=
(
ε2

h2
− 1

12

)
[−ei−1 + 2ei− ei+1] +

(
2ε2

H2 +γi − 4
12︸ ︷︷ ︸

= 2
3
∀ i

)
ei . (5.8)

However, because of the non-symmetric patch of elements touching each
node (xi, 0) in the version of T̊ of type B, the truncation error Lhe(xi, 0) =
−Lhu(xi, 0) includes the two additional terms 1

12
[−u(xi−1, 0) + 2u(xi, 0) −

u(xi+1, 0)] = O
(
h2

ε2

)
and 2

12
[u(xi, 0)− u(xi+1, 0)] = h

6ε
e−xi/ε +O

(
h2

ε2

)
. Finally,

Lhe(xi, 0) = h
6ε
e−xi/ε +O

(
h2

ε2

)
, (5.9)

where the additional term h
6ε
e−xi/ε causes only first-order accuracy, described

by Lemma 5.3
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Proof of Lemma 5.3. We imitate the argument used in the proof of Lemma 5.2;
see also [2, proof of Lemma 3.7].

(i) To obtain (5.5), we combine (5.8) with (5.9), and then employ the
barrier function Bi := B(xi/ε), where (− d2

dt2
+ 2

3
+ C2

2)B(t) = e−t subject
to B(0) = B(2) = 0. Clearly, B is smooth and positive on (0, 2). Now,
again using the discrete maximum principle, one can show that e(xi, 0) ≥
h
6ε
B(xi/ε)−O

(
h2

ε2

)
, which implies (5.5).

(ii) This part of the proof is as in the proof of Lemma 5.2, except we need
to be more careful when claiming that |Z| attains its maximum in Ω̊ on ∂Ω̊.
Note that, in view of (5.3), one can rewrite LhZi = 0 using Lhx from (5.8) as

LhxZi = − 1
12

[
Z(xi, H) + Z(xi,−H) + Z(xi+1, H) + Z(xi+1,−H)

]
.

So |LhxZi| ≤ 1
3

max∂Ω̊ |Z|, so max |Zi| ≤ |Z0|+|Z2N0|+(1
3
/2

3
) max∂Ω̊ |Z|, which

shows that indeed, |Z| attains its maximum in Ω̊ on ∂Ω̊. �
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